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APPENDIX B

Proor orF LEMMA A.1. The proof uses similar arguments as in Dunsmuir (1979), but
allowing for weak identification and selecting a subset of frequencies using W(w). It
consists of two steps. Step 1 proves asymptotic normality and Step 2 verifies that the
limiting covariance matrix is an identity matrix.

StEP 1. First consider &;7. Rewrite it as

T-1

1 *
=27 ; dr(w)) vec(Ir(w)) — ElIr(w))) (B.1)
1 T-1
. g br(w))* vec(EIr(w)) — fo,(@))). (B.2)

The term (B.2) is asymptotically negligible. Specifically, E/7(w) can be expressed as

T-1

Elr(w)= ) (1—%)r(s)exp(—isw)

s=—T+1

with
I'(s)= L/W fo,(w)exp(isw)dw.
27 J_

Using the property of the Cesaro sum and that f4,(w) belongs to the Lipschitz class of
degree B with respect to w, we have (Hannan (1970, p. 513))

sup |vec(ElT(w) — fo,(»))| = O(T~P).
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The term (B.2) is, therefore, bounded by

1
ET”Z sup ]||¢T<w);| ?up ]Hvec(EIT(w)—fgo(w))H=0(T_B+1/2)

wel—m, T

=o0(1),

where the first equality is because ¢ (w) is finite by Assumption W and the last equality
follows because B > 1/2. Thus, to derive the limiting distribution of &7, it suffices to
consider (B.1) only.

Let ¢7)r(w) denote the (M — 1)th order Cesaro sum of the Fourier series for ¢7(w):

M-1

drm(w) = Z (1 - |sﬁ')ﬂr(S) exp(—isw)
s=—M+1
with
1 ™ ]
nr(s) = 2—/ dr(w)exp(isw)dw.
m —1TT
Then

T-1

1 *
(B.1) = T ; drm(wj)*vec(Ir(w)) — Elr(w)))

= . (B.3)
+ﬁ ;(W(w;‘) — ¢rm(w))) vec(Ir(wj) — Elr(w))).
The second term will be asymptotically negligible if, because of conjugacy,
1 [T/2] .
N (d1(0)) — drar(w))) vec(Ir(w)) — Elr(w))) = 0,(1). (B4)

Establishing this result faces some difficulty because ¢7(w) has a finite number of dis-
continuities within [0, 7] due to the presence of W (w), implying ¢7(w;) — ¢y (w;) does
not converge uniformly to zero over [0, 7] (the Gibbs phenomenon). However, results in
Hannan (1970, pp. 506-507) imply that ¢ 1)/ (®) converges uniformly to ¢7(w) over all
closed intervals excluding the jumps. At the jumps, the approximation errors remain
bounded. Assume the jumps occur at @ (k =1, ..., K). Then, for any ¢ > 0, there exist
finite constants M > 0 and C > 0 independent of T, such that

K

. B n "
|dram(w) — dr()| < C, 1fw611:kL:Jl[w —e @k +e],

e, ifwel0,7]butw¢l.
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By applying the above partition, (B.4) can be decomposed into

[T/2]
1 *
Wi ;21 Wwjel)(dr(w) —drm(w))) vec(Ir(w)) — ElT(w))) (TD)

[7/2]

5 le(w]¢11)(¢T(w,) drm(w)) vec(Ir(w)) — ElIT(w)).  (T2)

For the first term,

2 [T/2]
[Var(TD| = = > lwj e I)||Var{vec(Ir(w)) — ElIr(w)))} |
j=1
T/21 [T/2]

=2 > Wejel)

j=1 h=1,h#j

X HE{VGC(IT(Q)]') — EIT((U]')) VEC(IT(a)h) — EIT(wh))*} ”

C2[

C2 [T/2] 2 [T/211T/2]
== > Nwjel)D+ = > > Nejel)D,
j=1 j=1 h=1

where D is some finite constant and the second inequality follows from Theorem 11.7.1
in Brockwell and Davis (1991), that is, for any w; and wy, in [0, 7],

o), ifh=j,

E{vec(Ir(w)) — Elr(w))) vec(IT(wy) — Elr(wp)) "} = O(T-), otherwise.

Because the length of /; can be made arbitrarily small by choosing a small ¢ and a large
M, we have Var(T1) = o(1). Similar arguments can be applied to (T2),

[T/2] [T/211T/2]
[Var(T2)| < T7'¢* " ;¢ 1D+ T2 Y > 1(w; ¢ I))D <2D&%,
j=1 j=1 h=1

which can again be made small by choosing a small ¢ and a large M. Thus, Var(T2) =
o(1). Combining the above results, we have proved (B.4).
It remains to analyze the first term in (B.3). Apply the definition of ¢ 7y (w)),

T-1

: \/—ZCZ")TM((U]) vec(IT(w)) — Elr(w)))

1 |s| . A
= Es_g/l:—l(l - M)” () {VTvec(I'(s) —EI'(s))} (T3)
M-1

sl \ A .
+ - XM: 1(1—M>nr(s) [VTvec(I'(s—T)—El(s—T))}, (T4)
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where the last equality uses Zstl exp(—iswj) =0unless s=kT (k=0,=%1,...) and

T—
I(s)= Z Yirs — w(00)) (Y — u(0p)), if0<s<T-1,

e ; if—T+1<s<0.

Term (T4) converges in probability to zero. This is because M is finite, n7(s)* is uni-
formly bounded, and ﬁvec(f“(s -T7)— Ef(s —T)) —? 0 for each |s| < M by the def-
inition of I" (s — T) (note that the summation in the definition of I (s — T) involves at
most M terms). In (T3), VT Vec(f (s) — El (s)) satisfies a central limit theorem for each
|s| < M;see Hannan (1976). Thus, (T3) converges to a vector of normal random variables
because M is finite. Therefore, ¢£;7 has a multivariate normal limiting distribution. For
&or, Y is finite because of Assumption W. Its asymptotic normality then follows from
the central limit theorem.

STEP 2. For &7, it suffices to examine the covariance matrix of (T3). Apply the definition
of nr(s) and use the relationship between the vec and the trace operator. Its /th element
can be written as

Eru(D) = —— Mf (1—ﬂ>
™ _87723‘:fo1 M

- (B.5)
x/ W (w)tr{B(l, o)VT(I'(s) —EI'(s))} exp(—isw) dw,

where
f@o( ) 1/2
B(l, 0) = fy (@) § C(00)AT(00) 2], | for (@)

with [-]x; denoting the (k, /)th element of the matrix inside the bracket. Because B(/, )
is an ny -by-ny matrix, (B.5) can be further rewritten as

M-1

1 s
fTM(l)—W > <1_M)

s=—M-1

/ W(w)[ > Bpa(l, o)VT(Tp(s) — Efab(s))}exp(—lsw)dw

a,b=1

where By, (I, w) is the (b, a)th element of the corresponding matrix. Therefore,

Cov(érm (D), Erm (k)

1

= 6ant Z /fW(r)Bba(l W (AN)Bge(k, A)* (B.6)

a,b,c,d=1
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SN o)

s,h=—M+1

x B{T ([ (s) — ELp(8)) (Fg(h) — ET ()} exp(—isr) drexp(ihA) dA.

The only random elements in (B.6) are the sample autocovariances, which satisty (see
equation (3) on p. 397 in Hannan (1976))

E{T (I (s) = ELp(9)) (Tea(h) — ELa(h))}

— 277/7 fac(®) fra(w)exp(—i(h — s)w) dw (T5)

+27Tf fad(w)fbc(w)exp(i(s‘l‘h)w) do, (T6)

where f,.(w) stands for the (a, ¢)th element of fy,(w). Applying (T5) to (B.6) leads to

17 g S
@/ D facl@)fpa(@)

a,b,c,d=1

™ 1
x ( / W (r)Bpa(l, r){ﬁ
M—-1

X (/” W (MN)By(k, /\)*{% Z (1 — %) exp(—ih(w - )\))} d)\) dw.

h=—M+1

M-1

> (1 —~ Lwi') exp(—is(r — w))} dr)

s=—M+1

The two terms inside the two curly brackets are Fejér’s kernels. Therefore,

T M-1
/_W W (r)Bpa(l, r){% > (1 - L\/Ii') exp(—is(r — w))} dr — W (w)Bpy(l, »),
s=—M+1
U 1 M A
/_W W(M)Bgyc(k, /\)*{ﬁ Z (1 - ﬁ) exp(—ih(w — A))} dA
h=—M+1

— W(w)Bgc(k, )*

uniformly over all closed intervals excluding the jumps. At the jumps, the approximation
error is finite and, therefore, it does not interfere with the limiting results. The effect of
(T6) can be analyzed similarly. Combining the two results, we have

Cov(érm(Dérm (k)

17 & S
- 8_7T/ Z W(w){fac(w)fbd(w)Bba(17 w)Bgc(k, w)*
T a,b,c,d=1

+ faa(@) foc(0)Bpa(l, ©)Bye(k, —w)*} dw
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1 m
=-/ W (o) tr{ fg,(0)B(k, ») fg,(0)B(l, 0)} dw
1 T-1
=57 Z W (wj)vec(B(, w))) (fo,(0)) ® fo,(wj)) vec(B(k, wj)) + o(1),

where the first equality uses By (k, )" = Bey(k, ), fpa(@) = fap(®), fpe(®) = fep(w),
By.(k, —w)* = By.(k, w), and the last equality follows because the summand belongs to
Lip(B) with 8 > 1/2. In matrix notation, the above result can be stated as

Var(é17)
= A%(60) 12 0% (80)

1 avec fo,(w)\*, _ , B avec fo (@)
- {ﬁ ]=ZO W(wj)(a70i)J> (fe"l(wj) ®f901(w1'))(?79?j

x 05(80)AS(80) V2 + o(1).

Now consider &,7. It is asymptotically independent of &7, satisfying

Var(ér) — —A <(00) "2 05(6p)

du(6p)’ p(0o)

a0

{W(0> fo (0 }QC(BO)/\ (60)" /2.
Therefore, Var(éir + &71) = A%(00)~V205(00) M1 (00)Q5(00)A5(00) 12 + o(1) —

l4,+4,» where the last equality uses the definition of Q%.(6) and A%.(6y). n

AppIiTioNAL PROOF. This proof shows that the confidence band covers the impulse re-
sponse function with probability at least (1 — «) asymptotically. Let Cy(1 — «) denote
the (1 — a) confidence set for 6 obtained by inverting S7(6) and let Cig denote the confi-
dence band for the impulse response function obtained from Steps 1-3. By construction,
if 6y € Co(1 — ), then IR(G()) € CIg. Thus, if IR(@()) ¢ Cr, then 0o ¢ Co(1 — ). Equiva-
lently, Pr(IR(6g) ¢ Cr) < Pr(6g ¢ Co(1 — )). As T — o0, Pr(6y ¢ Co(1 — o)) — «. There-
fore, lim7_, oc Pr(IR(6y) ¢ Cr) < a. O

Eigenvalue conditions that correspond to other characterizations of weak identification

We illustrate that the characterizing conditions for weak identification used in the IV
and GMM literature can be stated using the curvatures of the criterion functions used
for inference as in Assumption W.

Linear IV (Staiger and Stock (1997)): Consider the model y=YB + u, Y = ZII + v,
where y and Y are T x 1 vectors, Z is a T x K matrix of instruments, and « and v are
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T x 1 vectors of disturbances with Euu’ = ¢2I7. The objective function is Q(8) = (y —
YB) Pz(y — YPB). Its first order derivative, normalized by 7-1/2, equals

Dr(Bo) =—2T""2u' ZIT = 2T~'2(u' 2)(2' )~ (Z').

If By is strongly identified, that is, IT is nonzero and independent of 7, then the first term
in D7(Bo) is of exact order O, (1) and the second is O,(T~1/?). Therefore,

lim E(D7(Bo)Dr(By)) = lim 4T 'E(II'Z' ZII) o7,
T—o00 T— o0

consistent with the order of A17(6p) in Assumption W. If By is weakly identified, that
is, I = T~1/2C, then D7(By) is of exact order Op(T‘l/z). Therefore, the eigenvalue of
E(D7(Bo)D7(By)) is of order O(T 1), consistent with the order of A,7(6) in Assump-
tion W.

Weak identification in a continuous updating GMM (CU-GMM) setting (Kleibergen
(2005)): Consider inference based on the moment restriction E¢;(6y) = 0 with 6y €
R™. Without loss of generality, assume ¢,(6p) is serially uncorrelated. Let fr(0) =
71231 $,(6). Then the CU-GMM criterion function is given by Qr(6) =
fr(0)Vir(8)~ fr(8), where Vi () —P Vi () = limr_. o Var(fr(6)). Define

9fr(6o)
a0

=qr(00) = (91,7(00); - - - » Gm,7(60)).

Kleibergen (2005) characterized the strength of identification using the order of Eqr(6)).
Under strong identification, T' ~12Eq7(8y) has a fixed full rank value, while under weak
identification T—1/2Eq7(69) = T~1/>C. We have

D7(80) = 2T 2f1(00) Vi (80) " (R7(80) — Eqr(60)) (a)
+2T 712 £7(00) Vir (80) " "Eqr(6p), (b)

where the jth column of ﬁr(eo) equals g; 7(0y) — Vef,j(eo)l%cf(ﬂo)_lfT(Go), that is, the
residual from projecting g; 7(6) onto fr(6y); Vgﬁ j(6p) is the sample covariance between
fr(6y) and g 7(6p). Thus,

E(D1(80)D1(80)) =E(d'a) + E(b'b) + E(d'b) + E(b'a).

The first term E(a’a) is of order O(T~!) irrespective of the strength of identification. The
second term E(b'b) is of exact order O(1) under strong and O(7T~!) under weak iden-
tification, respectively. The order of E(b'b) + E(a’b) is always lower than that of E(b'b).
Therefore, the eigenvalues of E(D7(60g)D1(6p)") are O(1) under strong identification and
O(T~1) under weak identification, consistent with Assumption W in the paper.

Weak identification under a GMM setting (Stock and Wright (2000)): Consider the
same setup as in the CU-GMM case, but with inference based on the GMM criterion
function

Or(0) = fr(6) Wrfr(6),
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where Wr is some consistent estimate of the optimal weighting matrix that is, without
loss of generality, assumed to be nonrandom. Then

D1 (60) =2T"Y2f1(00) Wr(q1(60) — R7(60)) (©
+ 2772 f1(60) Wr(Rr(60) — Eqr(60)) G)
+ 2T Y2 fr(60) WrEqr (6p). (e)

Simple algebra shows that the leading term in E(D7(6¢)D7(60)) is
E(c'c) + E(c'e) +E(e'c) + E(d'd) + E(e’e).

The first four terms are always of order O(T~!) irrespective of the strength of identifi-
cation. The last term converges to a positive definite matrix under strong identification.
Therefore, all the eigenvalues of E(D7(69)D71(6y)) are of order O(1) under strong iden-
tification.

Under weak identification, Stock and Wright (2000) assumed that 6 admits a parti-
tion 6 = (o/, B’), such that « is weakly identified while g is strongly identified. Specif-
ically, let mr(a, B) = Efr(a, B), and write mr(a, B) = mr(ag, Bo) + T~ *mi7(a, B) +
mar(B) with myir(a, B) = T'*(mr(a, B) — mr(ag, B)) and mor(B) = mr(ag, B) —
mr(ag, Bo). Stock and Wright (2000) assumed (cf. Assumption C in their paper)

mir(e, B) — mi(a, B) and mor(B) — ma(B).
Let Cr = Diag(T"*14im(a) laim(g))- Then
CrE(e'e)Cr
= 4T~ CrEqr(60) WrE(fr(60) fr(60))WrEqr(60)Cr
= 4T~ CrEqr(80) (WrVir(00)Wr)Eqr(80)Cr

amy(ag, Bo) Ima(Bo) ] ,,_1 omy(ag, Bo) Ima(Bo)
—)4[ &a/ ﬂB/ ] fo (00)[ &a/ ﬁﬁ/ :|

The limit is a positive definite matrix. Therefore, in large samples, E(¢’e) has dim(3)
eigenvalues that are O(1) and dim(«) eigenvalues of order O(T~1); so does E(D7(6y) x
D7(60)").

Weak identification in a two-equation model

The model consists of two equations,
Fr =Yy + B + uy,
T = PT—1 + Vs,

with var(u;) = 0-3, var(vy) = 0-3, cov(uy, vy) = oy, and Eu,uy = Evvg = Eugvg = 0 for all
t # s. The first equation is a monetary policy rule (Taylor (1993)) with y; and 7, being de-
viations of GDP and inflation from their targets, and the second equation describes the
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inflation dynamics. The parameter of interest is 8. To simplify the derivation, we assume
p, v, and 03 are known. The unknown parameter vector is, therefore, 6 = (8, 05, Oup).
Rewrite the model as

Pt = B+ uy,
(B.7)
T = PpT—1 + Vs,

with 7; = r; — yy;. It can then be viewed as a dynamic version of the limited information
simultaneous equation model, in which 7 is the endogenous explanatory and m,_; is
the instrument. The parameter 8 is weakly identified if p is small. Intuitively, because
there is little persistence in m, it is difficult to differentiate between systematic policy
responses (B;) and random disturbances (). Geometrically, it is possible to move
0 along a certain direction such that the likelihood surface changes little. In the ex-
treme case with p =0, B8 becomes unidentified. Then there exists a path along which
the likelihood is completely flat. (It turns out that changing 6 in the direction given by
(1, 20y, —03) yields such a non-dentification curve.)

We let p = T~1/2¢ with ¢ > 0; other parameter values are independent of 7. Let
W(w)=1forall w € [—m, 7].

LemMaA B.1. Let 6y denote the true value of 6 = (B, o2, ouy). Then Mr(60y) satisfies the
following statements:

(i) It has two positive eigenvalues A and A7 that satisfy TA7 — oo and TAyr — 0.

(ii) The smallest eigenvalue A7 satisfies

167‘r20':}c2
(1+ a’f} + 40'31))(050'5 — a'bzw)'

TA:‘)T —>

(iii) The elements of

avec fg,(w) -
7]00,0 Or(00)Ar(89)"/*

a0
are bounded and Lipschitz continuous in o.

Note that Lemma B.1(i) corresponds to Assumption W(i), while Lemma B.1(ii) corre-
sponds to Assumption W(ii); Lemma B.1(iii) is a stronger result than Assumption W(iv).
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