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Abstract
This paper gathers the theories for the strata fixed effects quantile regression estimator and
additional simulation results. Section S.A describes the estimation, weighted bootstrap, and
covariate-adaptive bootstrap inference procedures for the strata fixed effects quantile regression
estimator. Sections S.B—S.D prove Theorems S.A.1-S.A.3, respectively. Section S.E contains the

proofs of the technical lemmas. Section S.F contains additional simulation results.
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S.A Quantile Regression with Strata Fixed Effects

The strata fixed effects estimator for the ATE is obtained by a linear regression of outcome Y; on
the treatment status A;, controlling for strata dummies {1{S; = s}scs}. Bugni, Canay, and Shaikh
(2018) point out that, due to the Frisch-Waugh-Lovell theorem, this estimator is equal to the linear
coefficient in the regression of Y; on /Nli, in which /L- is the residual of the projection of A; on the
strata dummies. Unlike the expectation, the quantile operator is nonlinear. Therefore, we cannot
consistently estimate QTEs by a linear QR of Y; on A; and strata dummies. Instead, based on the
equivalence relationship, we propose to run the QR of Y; on A;. Formally, let A=A — 7(S;) and
fii = (1, 4;), where 7(s) = ni(s)/n(s), n1(s) = Sop, A;1{S; = s}, and n(s) = S, 1{S; = s}.
Then, the strata fixed effects (SFE) estimator for the QTE is Bq fe,1(7), where

Bspe(T) = (Bsfe,o(T),Bsfe,1(T)>/ = argmin zn:pT <K - [léb) .

b:(b(] ,bl),€§R2 ’L:1
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Theorem S.A.1. If Assumptions 1.1-1.3 and 2 hold and p(s) > 0 for s € S, then, uniformly over
TeT,

Jn (Bsfe,l(f) - q(T)) s Bygelr), asn — oo,

where Bsfe(+) is a Gaussian process with covariance kernel Xggc(-,-). The expression for Lsfe(-,-)

can be found in the proof of this theorem.

In particular, the asymptotic variance for BS fe,1(7) is

G (m,7) + CR(m, ) + C3(r),

where (2 (m,7) and (%(7) are the same as those defined below Theorem 3.1,

12 = m ) —m T l-m T
A7) =0 65,7 = 08 (7 0~ )

A@OIS) ol
“*’(T)( A@@)  Jolao(r) )] |

Three remarks are in order. First, if the treatment assignment rule achieves strong balance,

then ((m,7) = 0 and the asymptotic variances for Bi(7) and Bsfeyl(T) are the same. Second, if
the treatment assignment rule does not achieve strong balance, then it is difficult to compare the
asymptotic variances of (1) and B, fe,1(7). Based on our simulation results in Section S.F, the
SFE estimator usually has a smaller standard error. Third, in order to analytically compute the
asymptotic variance Bs fe,1(T), one needs to nonparametrically estimate not only the unconditional
densities f;(-) but also the conditional densities f;(:|s) for j = 0,1 and s € S. However, such difficulty
can be avoided by the covariate-adaptive bootstrap inference considered in Section 5.

We can compute the weighted bootstrap counterpart of strata fixed effects estimator:
n .
sre(T) = argbminz &ipr (Yz — A b) ,
i=1

where A;U = (1, 1[1;1;)/’ A;U = A; — 7%(S;), and 7%(-) is defined in Section 4. The second element of
A;L}G(T) is our bootstrap estimator of the QTE.

Theorem S.A.2. If Assumptions 1-3 hold and p(s) > 0 for all s € S, then uniformly over T € T

and conditionally on data,
Vn (B:}e,l(T) - /Bsfe,l(T)) ~ Bsfe(T), as n — 0o,

where Bsfe(T) is a Gaussian process with covariance kernel being equal to that of Bsye(T) defined in

Theorem S.A.1 with ~(s) being replaced by (1 — ).

Similar to the SQR estimator, the weighted bootstrap fails to capture the cross-sectional depen-



dence due to the covariate-adaptive randomization, and thus, overestimates the asymptotic variance
of the SFE estimator.

We can also implement the covariate-adaptive bootstrap. Let

B:fe(T) = arg mianT (}/z* . A:lb> ’
b =1

where /le = (1, A¥), A¥ = AF — 7%(S}), 7*(s) = Zigzg, and (Y;*, AY, S¥)I" | is the covariate-adaptive

bootstrap sample generated via the procedure mentioned in Section 5. The the second element

B;*fe (1) of B;kfe(T) is the covariate-adaptive SFE estimator.

Theorem S.A.3. If Assumptions 1, 2, and j hold and p(s) > 0 for all s € S, then, uniformly over

7 €Y and conditionally on data,

Vi (Bigen () = @(1) = Bugelr), asn— oo.

Unlike the weighted bootstrap, the covariate-adaptive bootstrap can mimic the cross-sectional

dependence, and thus, produces an asymptotically valid standard error for the SFE estimator.

S.B Proof of Theorem S.A.1

Define f1(7) = q(7), Bo(7) = 7q1(7) + (1 = 1)q0(7), B(r) = (50( ), B1(7)), and A; = (1, A; — 7).
For arbitrary by and by, let ug = /n(bg — Bo(7)), u1 = v/n(b1 — B1(7)), u = (ug,u1) € N2, and

n

Logenlus7) = 3 [pr(Yi = A4f(r) = (Aib = A1 (7)) — pr (Vi — Ai5(7))]

i=1

Then, by the change of variable, we have that
\/ﬁ(Bsfe(T) - B(T)) = arg min Lsfe,n(u7 T)'
u

Notice that Lgfen(u, ) is convex in u for each 7 and bounded in 7 for each u. In the following, we

aim to show that there exists
!/ 1 /
gsfe,n(ua 7—) =—-u ste,n(T) + iu ste(T)u
such that (1) for each wu,

sup |Lsfe n(u T) gsfe,n(ua T) - hsfe,n(7)| L 07
TeY



where hgfen(7) does not depend on w; (2) the maximum eigenvalue of Q fe(7) is bounded from
above and the minimum eigenvalue of Qsf.(7) is bounded away from 0 uniformly over 7 € T; (3)
Wifen(T) ~» B(1) uniformly over 7 € Y for some B(7).! Then by Kato (2009, Theorem 2), we have

ViBspe(r) = B(T) = [Qsse(T)] ™ Wagen(7) + sfen(T),
where sup,cv |[7sfen(7)|| = 0p(1). In addition, by (3), we have, uniformly over 7 € T,
\/ﬁ(/ésfe(’r) - /3(7—)) ~ [ste(T)]_lg(T) = B(T)

The second element of B(7) is Bss.(7) stated in Theorem S.A.1. Next, we prove requirements (1)—(3)
in three steps.
Step 1. By Knight’s identity (Knight, 1998), we have

Lsfe,n(ua T)

- ;M;(Bm - ﬁ — Aif(r)) (7 - 1Y < AB(n)})

+z/

=— Lin(u,7)+ Loyn(u, 7).

3\

u)— AL B(r) P
(14 = AjB(r) < v} - 1{Y; - Aif(r) < 0}) v

Step 1.1. We first consider Lj ,,(u, 7). Note that By (1) = q(7) and

Ly (u,7)
=3 S A8 = o (U + (1 76T+ (7= #6)a(0)) (7 = 1K) < ()
i=1 s€8

+ (1—-A;)1{S; = s} fr(s)ﬂﬂw—fr(s)) (1) ] (= 1{Yi(0) < qo(7)})
>3 (- #e i) 0"

ELLLn(u?T) + Ll,O,n(uvT)' (SBl)

Let 11 = (1,1 — m)" and o = (1, —7)’. Note that 7(s) — 7 = n*zs‘; . Then, for L ; »(u, ), we have

Lipn(u,7)
_gsezfil{s" = |2 =) (a0 + 25 )| - 1B < o)

'We abuse the notation and denote the weak limit of Wi e (7) as B(7). This limit is different from the weak limit
of Wy (7) in the proof of Theorem 3.1.



uL1 ZZA H{S; = s} (r— H{Y;(1) < qi(7)})

i=1 s€S

fz Dn(s) ﬁzAil{si:s} (1 — 1{Yi(1) < qu(1)})

+ Y (m—#(s)) ZA HSi = s} (7 — {Yi(1) < aq(7)})

Z wu Z [A 1{Si = s}ni1(s,7) + (A — m)1{S; = s}ma(s,7) + 71{S; = s}ml(s,T)]

- Z D:;%S) nl(ti) Z [Ail{si = sinia(s,7) + (A — M)U{S; = spma(s, 7) + 71{S; = s}ml(s,T)} + h11(7)
seS =1

N vu Z [A 1{S; = stni1(s,7) + (A; — m)1{S; = s}m(s,7) + 71{S; = S}ml(s,T)]

D, ,
- ! (Si;%ml(s ), hi1(7) + Regenn(u,7), (S.B.2)

ha(r) =) (m—(s)a(r) Y Al{Si = s} (r = {Yi(1) < aa(7)})
i=1

seS

and

8

u1 Dy (s)
Rgfen(u,T) Z L Z [Ail{SZ- = stnia(s,7) + (A; — m)1{S; = s}mi(s,7)|.
=1
By the same argument in Lemma E.2 and Assumption 1.3, we have for every s € S,

sup

—0,(1) (S.B.3)
TEY

1 n
—= g A{Si = stmia(s,
\/’71 P {S 8}77 71(8 7—)

and

sup g 1S—sm137']——sup——0 1
e \/» |: { } ( ) e \/’E p( )
In addition, note that n(s)/n 2, p(s). Therefore,
| (u, 7)| ( . ) = 0p(1)
sup |Rsfe11(u, 7)) = O op(1).
Tep fe1,1 P \/ﬁ P



Similarly, we have

L1707n(u, T)
— I\L;LB Z [(1 V1{Si = stnio(s,7) — (Ai — m)1{S; = s}mo(s, 7) + (1 — m)1{S; = s}mo(s, T)
sES i=1
_ Z uan(S)(l\;ﬁﬂ')mo(S 7-) + hl,O(T) + Rsfe,l,O(ua 7—)’ (S.B.4)
seS
where

n

hio(r) =) (m—t(s)a(r) Y (1= A)L{S; = s} (r — 1{Yi(0) < qo(7)}),

SES i=1

Ryfe0(u,7) ZulD j Z[ ANLS: = shnio(7) = (Ai = m)1{Si = shmo(s, 7).
1=1

and

1
R =0,(—) = 1).
Elel’II)“’ sfe,l,O(T)‘ P(\/ﬁ) OP( )

Combining (S.B.1), (S.B.2), (S.B.4) and letting ¢o = (1,1 — 27)’, we have

Ly (u,7) IZZ w11 A S = stnia(s,7) +u'vo(1 — A)1{S; = s}nio(s,T)

seS i=1

D
—i—Zu Lo (mi(s,7) —mo(s,T))
seS

\F Z w'rymmy (i, 7) 4+ wio(1 — m)mo(S;, 7))
+ Rspe1,1(w, T) + Rsgen0(u, ) + ha1(7) + h1o(7). (S5.B.5)
Step 1.2. Next, we consider Lg,(u, 7). Denote E,(s) = /n(7(s) — ). Then,

[En(s)}ses = {DQ%”) n?)} - NO.2p) = 0,00,

where ¥, = diag(y(s)/p(s) : s € S). In addition,

ngn(u, T)



u’iq En a(r)+ uy )

—ZZA 145, —s}/” v ) < au(7) + 0} — 1{Y(1) < qu(7)}) do
seS i=1
210~ Enf) (g(r)+ 21 )
S0 A0S, =s [ (1{Yi(0) < go(r) + v} — 1{Y:(0) < qo(r)}) dv
seS =1
EL2,1,n(ua 7_) + L2,0,n(u> 7_)' (SB6)

By the same argument in (A.1), we have

yEn(s) W Eale) (o) 1)
Ly 1 (. 7) Z z / (Y (1) € qu(r) + v} = V(1) < ()} do
$€S i=N(s)+1
=S [D5(N(s) +na(s), 7, En(s)) — T5(N(s), 7, En(5))], (S.B.7)
seS
where
wliy— e(q(THf)
T (k, 7€) Z / (¥ (1) € a1(r) + v} = 1Y (1) < aa(7)}) do.

We want to show, for some any sufficiently large constant M,

sup  |Di(|nt), 7€) — DS ([nt), 7 0)] = op(L). (S.B.8)
0<t<1,7€Y,le|<M

By the same argument in (A.2), it suffices to show that

sup  nl[By — Bllx = o,(1),
TEY |e|<M

where

u'tl—e(q(f)-&-%)
—
F = / (Y1) < qu(r) + o} = Y1) Saqu(r)Pdv:7 €T, le] < M
0

|uo|+|u1|+M sup, \q(7)|+|"711\
= % Note that

7

2
fuo + [ur] + Mq(r)] + 4l [uo + [ur] + Mq(7)] + 4
sup Ef* < sup E [ SLLYE) — ()] < -

with an envelope F' =

fer reY Vn Vn

<n



and F is a VC-class with a fixed VC index. Then, by Chernozhukov, Chetverikov, and Kato (2014,
Corollary 5.1),

log(n) _ log(n)

E sup [T} (n,7,e) —EL (n, 7€) =n||P, —Pllr <n 5/ + 3/ ] =o(1). (S.B.9)

TEY,le|<M

In addition, we have

wliy— e(tl(TH-f)

ETS(|nt), 7€) =|nt] / [Fi(q1() + vls) — Fi(1 (7)]s)]dv
—Ja(mis) 1<QI2( I 411y — eq(r))? + o(1), (S.B.10)

where Fj(:|s) and f;(|s), 7 = 0,1 are the conditional CDF and PDF for Y (j) given S = s, respec-
tively, and the o(1) term holds uniformly over {r € Y, |e] < M}. Combining (S.B.8) and (S.B.10)
with the fact that ”17(5) 2, 7p(s), we have

Lo inln.7) = 3 mple) V) 0y (99002 4 Rl 7)
seS
7rf1(q21 (u't1)? Z filau(r D\(/%WCI(T) + h21(7) + Refe o (u, 1),
seS
(S.B.11)
where
Sup |R oo (u,7)] = 0p(1), sup |Rspe2,1(u, )| = op(1),
and
hoa(r) = 30 TDIS) o) 2 )
SES
Similarly, we have
Lyt ) =R (g = 30 - folan(r)1s) P )
seS
+ h270(7') + Rsf&g,o(u, T), (S.B.12)

where

sup [Ruge 20, 7)| = 0,(1)  and hao(r) = 3 LT @@IS) ) g2y 52 ).

2
Te€Y seS



Combining (S.B.6), (S.B.11), and (S.B.12), we have

Loy (u,T) :%U’ste(r)u - Z a(7) [f1(q1(7)[s)mut1 + fo(qo(7)|s)(1 — m)u' o] D\T}%S)
seS
+ Rsfe2,1(u, 7) + Rspe2,0(u, 7) + ho1(7) + hao(7). (S.B.13)

where

Qse =mfi(qu(T))urty + (1 = ) folgo(7))eotg

_ ( Tfilqi (7)) + (1 — ) folgo(7)) 7(1—m)(fi(a(r) — folao(r))) ) |
71— m) (il (1) = folao(r))) w(1—m)((1 =) fi(qa (7)) + 7 folao(T)))

Step 1.3. Last, by combining (S.B.5) and (S.B.13), we have

)
)

1
Lsfe,n(ua T) = _u/ste,n(T) + §U,ste(7_>u + Rsfe(ua T) + hsfe,n<7_)a

where

Wisen(T)

Z\/lﬁ 26;8 il {LlAil{Si = stmia(s,7) + to(1 = A)H{S; = shnmio(s, 7)}
+ ZS{ (n(s7) = mofs, 7))+ 4(5) | Alaa(r)yma -+ o) )1 = o | 220
3 (TS + o1 = ol )

=Wifen1(7) + Wepen2(T) + Wirens(T), (S.B.14)

Rsfe('uv T) = Rsfe,l,l(uv T) + Rsfe,l,[)(ua T) + Rsfe,Q,l(uy T) + Rsfe,Q,O(uy T)

such that sup,cy |Rsfe(u, 7)| = 0p(1), and

hsten(T) = h11(7) + h1,0(T) + ho1(7) + hoo(T).

This concludes the proof of Step 1.

Step 2. Note that det(Qsfe(7)) = m(1 — 7) fo(qo(7)) f1(q1 (7)), which is bounded and bounded
away from zero. In addition, it can be shown that the two eigenvalues of Qf.(7) are nonnegative.
This leads to the desired result.



Step 3. Lemma S.E.1 establishes the weak convergence that

(ste,l,n(T)v ste,2,n (7—)7 ste,3,n (T)) ~ (Bsfe,l(T)a Bsfe,2 (7—)7 Bsfe,3 (7—))7

where (Bsfe,1(7T), Bsfe,2(T), Bsfe,3(7)) are three independent two-dimensional Gaussian processes with
covariance kernels X1 (71, 72), Yo(71,72), and X3(71, 72), respectively. Therefore, uniformly over 7 €
T

)

Wipen(T) ~ B(T),

where B(T) is a two-dimensional Gaussian process with covariance kernel
S(r, ) = ZE]-(Tl,TQ).

Consequently,

Vi(Bsge(r) = B(r)) ~ B(r) = Q7.(1)B(),

where (71, 72), the covariance kernel of B(7), has the expression that

E(Tl,TQ)
=Q. 7. (1) 5 (11, 72)Qy /. (72)
1 . w2
:{ Y PACRITANCES) [min(7y, 72) — 1172 — Emy (S, 71)ma (S, 72)] <7r 1)
1 ) 1-7)?2 7—1
D hlaotm) folao(ry) ™) =T = Bl mmolS, ) ( Aol >}

L 4 1—m - S T
#{Er(®) [om(5.7) - mo(S,m) ( R Rt ) +a(ry L) <1>
Tl (m) =) fo(ao(r)) 1

_Jolao(m)|8) (1 =7 (S o) — (S fo(qér(m)ﬁfl(ql(m))
ta(n) folgo(m1)) ( -1 )] ) [( 1(5:72) = mo(5, 2))< e )

Wfl%fﬂ ™)) (1—7f)f0(q0(72))
Nl (r)]S) (= folgo(m)|S) (1—m
I () (1) I o)) < )]}
my(S,m) (7 mo(S,m) (1—m m1 (S, m2) mo(S,m) (1—7\]
i {E[fl(m(ﬁ)) <1> " Folao(m) ( -1 )} [f1(q1(72)) ( ) T Folao(r2) ( ~1 )] }

By checking the (2, 2)-element of (71, 72), we have

Esfe(Tla 7_2)

10



~min(7y, 72) — 1172 — Emay (S, 11)ma(S, 72) | min(7y, 72) — 1112 — Emo (S, 71)mo(S, T2)

7 f1(q1(71)) f1(qi(72)) (1 =) folqo(71)) fo(qo(T2))
- x AlaEIS)  fola(m)lS)
+EW$kmN&ﬁ)_md&ﬁD(ﬂﬁMKﬁD_(I—ﬂmwdﬁb>+“ﬁ)<ﬁ@dﬁ»__h@MﬁD

1—m

(S, T - filg(m2)]S)  fola(m2)[S)
x%m@a) a&Q»( ((»>+dﬂ<

mfilai(r)  (1-m) filga(m2))  folao(72))
(S Tl) B mo(S,Tl):| |:m1(S,T2) B mo(S, ):|

filai(m))  folao(m)) ] Lfi(qr(72))  fo(go(72))

Q‘E"ﬁ

e

S.C Proof of Theorem S.A.2

Note that

\/ﬁ( A;l}e(T) - B(T)) - argmlanfe n(u T)7

where

L L)) = e (Vi = ALB(r)) |,

éufe,n(uv T) = Z gz |:p‘r(Y; - A;LU/(B(T) + \/’ﬁ

AV = (1, AP) ) AY = A; — 7*(S;), and

(2

>y GAL{S; = s}
Yo &GL{Si =5}

Similar to the proof of Theorem S.A.1, we divide the proof into two steps. In the first step, we

#0(s) =

show that there exists )
gg]fe,n<u77_) —u W;j”e n( ) + iu/ste(7'>U

and hY

ofen(T) independent of u such that for each

p
Sup |Lsfe n( ) - gg}e,n(uv T) - héufe,n<7—)| — 0.

In addition, we will show that sup ¢y [[Wg}. . (7)|| = Op(1). Then, by Kato (2009, Theorem 2), we
have

VI(BLre(r) = B(1)) = [Qsse(T)] ™ Wihen(T) + Ripen(7),

where

bup ||Rsfe n( )|| = Op(l)'

11

)

)



In the second step, we show that, conditionally on data,

Vi(Bigen(7) = Bogen(r)) ~ Boge(r).

Step 1. Following Step 1 in the proof of Theorem S.A.1, we have

gfe,n(“’ T) = _quu,n<u7 T) + Léu,n(uv T)?

where

ln(u 7—)

_ A. g Yo _fr“’s£ T —7%(s T T — i T
—izlsez;uzl{sz }(ﬁm (9% + (= #(5)) >)< 1Y < a ()

+;;£z (1 - A)1{S; —s}( N ﬁw<s>j%+<w—ﬁw<s>>q<f>) (r — 1{Y; < qo(r)})
EL%l,n(“? T) + Llﬁo,n(uv T)?

Y (u,7)

-5 o 3)
S e A, = oy (1Y < qu(r) + v} — Y € qu()}) do
seS i=1
g waLs) qT) uy

+ZZ@ (1— A)I{S; _3}/f ) (1{Y; < qo(7) + v} — 1{Y; < qo(r)}) dv

seS i=1

EL2,1,n (uv 7—) + LlQLiO,n (’LL, 7—)’

and EY(s) = /n(7%(s) — ).
Step 1.1. Recall that ¢; = (1,1 —7)" and ¢p = (1, —7)’
where

. In addition, denote 7% (s) — 7 = gg((j))’

Z@ i—m1{S; =5} and n" ):Z&l{si:s}.

Then, we have

Lqiul n(u T)

_ggliﬁ Zfz [Ail{Si = s}nia(s,7) + m1{S; = stma(s, ) +§SUL2Dw\/)ﬁm1(S’T)

+ hl,l(T) + Rsfe,l,l(u7 7—)7 (SCl)

12



where 1; 1(s,7) = (1 — 1{Y¥;3(1) < q1(7)}) — ma(s, 7),

SES i=1

Pa(r) =) (= 7"(s))a(r) (Z §iAi{Si = s} — {Y; < Q1(T)})> :

and

seS

Rijera(ur)= =3 “fiw {Zgz [AALS: = s}ma(s,7) + (A = mLS, :s}m(smn}-

(S.C.2)
By Lemma S.E.2; we have

Slelp ‘Rsfe 1, l(u T)‘ - Op(l)

Similarly, we have
L1iU0 n(u7T)
!/
—ZZ&{MU (1= A)1{S; = s}io(s,7) + w1{S; = shma(s, 7)) -~

o(s, i ,7)] — —=(A; — m)1{S; = s}mo(s, T)
seS i=1 \/ﬁ ’ }

+ hYo(T) + Rifeno(u, 7), (S.C.3)

where

Slelp ‘Rsfe 1 o(u 7)| = 0p(1).
.

Combining (S.C.1) and (S.C.3), we have

LY, (u,T)

n

:\/HZZ&[U“A H{S; = stmin(u, ) +u'to(1 — A;)1{S; = s}tmio(u, 7)

se8S i=1

+ ' 19(A; — m)1{S; = s}(ma(s,7) —mo(s, 7)) + 1{S; = s}/ tymm1(s,7) + v 1o(1 — 7)mo(s, 7))
+ Rypen1(w, 7) + Ripe10(u, ) + A1 (7) + hyo(7).

Furthermore, by Lemma S.E.3, we have

T 7TDw s)u't
Ly n(u,7) = mAlam) 1(2 (W)=Y filalr n(\/ﬁ)lq(r) + WY (T) + R0 (u,7) (S.C.4)
seS

13



and

Laon(n) = o W)J;O(QO(T)) (u't0)? =Y folgo(7)]s) d- 7T)\l;f»;(s)u/mcz(r) + h5o(7T) + Ripeno(u, 7),
seS
(S.C.5)
where
g (r) = 30 T )202),
sES
Ha(r) = 3 R ) 07 0o ),
seS

fgg ‘R;Ufe,Q,l(uﬂ )| = 0p(1),
and

ilelg | Rfe2,0(u, 7)| = op(1).
Therefore,

L a(0,7) =50 Qugelr)u = 3 o) [fan (r)lsymalin + folan(r)]s)(1 = '] 2

SES
+ Rfeo1(u, T) + Ripe o 0(u, ) + hy1(T) + hyo(T).

Combining (S.C.1), (S.C.3), (S.C.4), and (S.C.5), we have

w = 1 - "
Lsfeﬂ’b(u’ T) = _uIste,n(T) + iuleer + Rsfe’n(u, 7') + hsfe,n(T)7
where
Wien(T)
1 n
~n 2.6 [blAil{Si = s}ni1(s,7) + wo(1 — A)1{S; = s}nmio(s,T)

seS i=1

+ \/15 Z Z&{Q(Tm(s,ﬂ —mo(s,7)) + q(7) | fi(qr(7)|s)me1 + folgo(T)]s)(1 — W)Lo] }

seS i=1

X (A; —m)1{S; = s} + \/15 Z{Z‘(Llﬂ'ml(si,T) + 1(1 — m)mo(S;, 7)),
i=1

14



hsen(T) = b1 () + hio(T) + hg 1 (T) + hoo(7),

and

Sup ‘Rsfen u 7—)‘ = Op(l)-

In addition, by Lemma S.E.4, sup ey [W, . (7)| = Op(1). Then, by Kato (2009, Theorem 2),

we have

\/ﬁ( Ag}e(’r) - B(T)) = [ste( )] ste n( )+ Rsfe n( )

where
Sup ||Rsfe n( )|| = Op(l)'

This concludes Step 1.
Step 2. We now focus on the second element of B;“‘} (7). From Step 1, we know that

\/E(B:}e,l(T) q 7- \FZZ&\Z 5T +Rsfen1( )

e
where
Tis.r) = [Ail{iiﬁ:(;l}(rf),l) (s,7) (11— ?111-)_1{3]00:(;0}%%3(5,7)}
! {<7Tfj(;17(rr)) (1- w)}TO 00(7) ) (ma(s, ) = mao(s,7))
ot BB SOy s, =
(Tt~ i) 5=
and

sup ’R;Ufe,n,l(T” = Op(l)'
T€Y

By (S.B.14), we have

\/ﬁ(Bsfe,l(T) - Q(T)) = L z Z t7i(37 T) + Rsfe,n,l(T)a

15



where

sup ’RSfe,ml(T” = 0p(1).
TEY

Taking the difference of the above two equations, we have

VA(BYer (T) = Bogen(r fZZ 1)Ji(s,7) + R"(7),

se8S i=1

where

sup |[RY(7)| = op(1).
TEY

Lemma S.E.5 shows that, conditionally on data,

\FZZ ~7237— WBsfe()

seS i=1

where Bgf.(7) is a Gaussian process with covariance kernel

isfe(Tla 7—2)

~ min(7y, 72) — 1172 — Ema (S, 11)ma(S, 72) | min(7y, 72) — 1112 — Emo (S, 71)mo(S, T2)

7 fi(qi(n)) fi(a1(72)) (1 =) folqo(71)) folqo(72))
1—m 7r
- r(t =) (8. =S ) (S~ )

+a(n) <f1(Q(7'1)’S) _ f})(q 131;5;))]
1—
(

(1
J1(q1(m1)) 0(qo
m m filg(m2)]S) — fola(m2)]S)
om0 (gt~ ) 1 Gt~ et ))
+E|:m1(5,7'1) _ mO(S,Tl):| |:m1(S,T2) _ mO(S,TQ):|
filar(m))  folao(m)) ] Lfi(ar(m))  folao(m2))]

This concludes the proof for the SFE estimator.

(S.C.6)

S.D Proof of Theorem S.A.3

Recall the definition of 5(7) = (5o(7), 81(7))" in the proof of Theorem S.A.1. Let ug = /n(bo—fo(7)),
uy = /n(by — B1(7)) and u = (ug, uy)’ € R2. Then,

\/E(B:fe(T) - B( )) - arguHuanfe n(u 7—)7

16



where

n

L;wxw7%=§j[m< A +

=1

U

%)) pr (Y7 = AY'B(7))

and fl;k = (1, Af — 7)". Following the proof of Theorem S.A.1, we divide the current proof into two
steps. In the first step, we show that there exist

*

. 1
gsfe,n(uv T) = —u sfe,n(T) + iu/QSfe(T>u

and A, ,(7) independent of u such that for each u

Slelp |Lsfe n( ) - g:fe,n(uv T) - h:fe,n(T” L) 0.
.

In addition, we show that sup ey [[W, ,(7)]| = Op(1). Then, by Kato (2009, Theorem 2), we have
V(Blpe(r) = B(r) = [Qsse ()] Wipe(T) + Rigen (),
where
SUp || pen (71| = 0p(1)-
In the second step, we show that, conditionally on data,
V(Bipen (1) = Q(7)) ~ Boge(T).
Step 1. Following Step 1 in the proof of Theorem S.A.1, we have
Lifen(u,7) = =L 5 (u, 7) + L (u, 7),

where

1n(u T)

:ZZA;H{S;‘ = s} <\l}% +(1- 7?*(8));% + (7 - W(S))(J(T)) (7 - Y <a(n)})
i=1 seS

ST - AN = s () I (- #()alr) ) (r — 17 < o))
;;S (\/ﬁ q ) qo
ELT,Ln(uv T) + LT,O,n(“? 7—)’

Lo (u,7)

17



wiy E*(s) q(T +M
_ZZA*l{S* = s}/ v %) (Y < qu(r) + v} — Y < qi(7)}) dv
seS i=1
u\/l;o E*;s) qT+f>
+ ZZ 1— AN1{SF = s}/ (H{Y7 < qo(r) + v} — Y < qo(7)}) dv
seS i=1

ELZ,I,n(u’ T) + L;,O,n (uv 7-)?

and EX(s) = /n(7*(s) — m).
Step 1.1. Recall that ¢; = (1,1 —7) and (¢ = (1, —7)". In addition, 7*(s) — 7 = Du(s) " Then,

LT 1 n(u T)

Z wu Z ATULSE = syt (s,7) + (AT = m)1{S] = shma(s,7) + 71{SF = s}ma(s,7)]

SES
U Dn mmi(s, T N N
—Z 1Dn(s)mma )+h1,1(7—)+Rsfe,l,1(u77—)7 (S.D.1)
seS \/ﬁ

where 77 (s,7) = (1 = {Y;"(1) < 1 (7)}) = ma(s, 7),

() =Y (= #*(s))a(7) <Z ATHSE = sh(r - {Y;" < QI(T>})> :

i=1

and

R jya(ur) = — 3 Malals) {ZA*l{S*—s}ml(s )+ (Af—ﬂ)l{SZ‘ZS}m(s,T)}-

seS fn* S
(S.D.2)
Note that
sup \Z (A7 = m){S] = stma(s,7)| = sup [Dy(s)ma(s,7)| = Op(v/'n).
seS,TeY i—1 seS,TeY

In addition, Lemma E.5 shows

sup !ZA*l{S*—S}nu(S 7)| = Op(v/1(s))-

seS,TET i—1

Therefore, we have

sup ‘Rsfe 1, l(u T)‘
TeT

18



<Zsup
seS seS

w1 Dy (9 . e
Vi (s) [seiuir’;A LS7 = shila(s, 7|+ sup |3 (A7 = mUST = shma(s,7)

=1
—0,(1/v/m).
Similarly, we have
L7 o0 (u,T)

Z““’ Z — AD(S] = syl (s,7) —

SGS

ulD mo(s,T) . N
- Z ) + hl,O(T) + Rsfe71,0(uv T)7
seS f

(A7 = m)1{S} = s}mo(s, 7) + (1 — m)1{S} = s}mo(s, 7)]

(S.D.3)

where

=1

fo(r) =Y (m —#"(s))a() <Z(1 —ADUHS] = s} - Y < qO(T)})) ,

and

Rigenalin) = =3 uo {;u — ADUST = shilgls,T) — (A7 — m)I{S] = S}mo(s,T)}

(S.D.4)
such that

SUp [ Rspe 0t 7)1 = Op(1/v/n).

Therefore,

s€S i=1

Ly (u, 7) \F ZZ [0/ 01 ATI{S] = sy (s, 7) + u'o(1 — AD{S] = s}nio(s,7)]

—I—ZUL D* m1($,7')—m0(377'))

s€eS
+ ﬁ ;(u'mml(s:, 7) + u'1o(1 = m)mo (S, 7))

+ Rpe11(ws ) + Bpen 0w m) + haa(7) + hao(7)-

19



Furthermore, by Lemma S.E.6, we have

Ly, (u,7) = m(? (u/11)? % fi(a ()]s =2 ;\(/Sgul“q(r) + 131(7) + Rigoni(u,7) (S.D.5)
and
Ly on(ur) = L7 ”)-’; o(@0() ()2 Ze;s folao(r ”)%(S)U/L‘Jq(ﬂ + 130(T) + Rigeg o(u, 7)),
(S.D.6)
where
s =3 BB ) (3:(5)22(7),
3 o(r) = 32 LI ) )202r),
=
sup [ Rfe 2,1 (u, ) = 0p(1),
and
Sup [ Rfe,2,0(us 7)) = 0p(1).
Therefore,
Fial007) =53 Quserh = 00 LAl + (1~ ] 20

+ Rpeo1(u, ) + Ripeoo(u, ) + hs1(7) + h3 (7).
Combining (S.D.1), (S.D.3), (S.D.5), and (S.D.6), we have
* 1A * 1 / D% *
Lsfe,n(u’ T) =—u sfe,n(T) + 5“’ steu + Rsfe,n(u’ T) + hsfe,n(T)v

where

s*fe n(T)

f Z Z |:L1A*1{S = s}n;1(8,7) +o(1 = A7){S] = s}njo(s, 7)

seS i=1

20



D7 (s)
+ ) S ua(ma(s, ) —mo(s, 7)) + q(r) | fr(qa(7)|s)mer + folgo(r)|s) (1 — ) >
SGS{ 2\ 0 q 141 1 olqo 0}} \/ﬁ

Z trmmy (S5, 1) + (1 — m)mo(S;, 7)),

Pgpen(T) =hi1(T) + B o(7) + ho1(T) + h3o(T),
and

sup ‘Rsfen u 7—)‘ = OP<1)'
TeY

By Lemma S.E.7, sup ey [WS}, ,,(7)| = Op(1). Then, by Kato (2009, Theorem 2), we have

\/H(B:fe(T) - B(T)) = [ste( )] ste n( )+ Rsfe n( )

where
sup HRsfe n( )H = Op(l)'

This concludes Step 1.
Step 2. We now focus on the second element of B;kf (7). From Step 1, we know that

f(ﬁifm( ) —aq(7))
ATLLS) = stnia(s,7) (1= ADUST = shnio(s, 7)
\fseZS; [ 7 fi(a1(7)) - (1 =) fo(qo(7)) }

1—7 T (st filai(T)ls)  folqo(7)]s) n(3)
*Z;{Qﬁlm 5 ) )~ mats. o o) | SR - B L

,T) mg(SZ?“, T) .
\fz<hm h%@»+&mmﬂ

:ste,n,l( ) + ernZ( ) + ernS(T) + R:fe,n,l(T)’

where

Slelp ’Rsfenl( )| = Op(]-)'

By (B.4), we have

Vn(g(r) = q(7))

21



_ 1 Zn: [Ail{Si =stmia(s,7) (1= A)HSi = s}nio(s, 7)
7 f1(q1(7)) (1 —m)folqo(T))

mi1(Si,7)  mo(Si, )
— \ filar(7))  folao(7))

= n,l(T) + Wn,Q(T) + Ripw,n(T)v

+
\Hm
3
7N

Riwn
_ )+ Rl

where

sup | Ripw,n(T)| = 0p(1).
TEY

Taking the difference of the above two equations, we have

V(Bler(T) = 4(7)) = Wite 1 (T) = Wit (1) + Wipe n2(7) + (Wi s (1) = Waa(7)) + R (7),
(S.D.7)

where

sup |[R*(7)| = op(1).
T€Y

Lemma S.E.7 shows that, conditionally on data,
Werema(T) = Waa (7)), Witen 2 (T), (Wipe n 3(T) = Waa(7)) ~ (Bu(7), B2(7), Bs(7)),

where (B1(7),B2(7),Bs(7)) are three independent Gaussian processes and Z?:l B;(T) 4 Bsge(T).
This concludes the proof.

S.E Technical Lemmas

Lemma S.E.1. Let Wy, j(7), j = 1,2,3 be defined as in (S.B.14). If Assumptions in Theorem
S.A.1 hold, then uniformly over T € Y,

(ste,n,l(T)v ste,n,Q (7—)7 ste,n,?; (T)) ~ (Bsfe,l(T)a Bsfe,2 (7—)7 Bsfe,3 (7—))7

where (Bsfe1(T), Bspe2(T), Bsfe,3(T)) are three independent two-dimensional Gaussian process with
covariance kernels Xgfe1(T1,T2), Lste2(T1,T2), and e 3(T1,T2), respectively. The expressions for

the three kernels are derived in the proof below.

Proof. The proofs of weak convergence and the independence among (Bsfe,1(7), Bsfe,2(T), Bsfe,3(T))
are similar to that in Lemma E.2, and thus, are omitted. In the following, we focus on deriving the

covariance kernels.
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First, similar to the argument in the proof of Lemma E.2,

8)4n1(s) 1 N(s)+n(s) 1
sfenl —le Z \/»7711 S, T +LOZ Z %ﬁi,O(SaT)'
s€S i=N(s)+1 s€S i=N(s)+ni(s)+1

Therefore,

Y1(r, 1) =n[min(r, 2) — 7170 — Emy (S, 71)m1 (S, 72)]e1t)

+ (1 = ) [min(ry, 72) — 7172 — Emo(S, 71)mo (S, 72)]eoth-
For Wi e 2(r), we have
Sa(r1, ) =B (8) [ alma (5. 70) = ol ) + () (A (m)IS)maa + oam)[)1 ~ o) |
«[raoms (5,7 = mof5.7) + a2 )11 + o)1~ )|
Next, we have
Y3(71, 72) = E(tumma (S, 71) + to(1 — m)mo(S, 71)) (crema (S, 72) + to(1 — m)mo(S, 72))’.

In addition,

1—7 T 1 1
[ste(T)]—l — (fO(QQ(T)) + fl(qi(T)) f1(¢i1(7')) - fo(qo(Tl)) > '
- +
@)~ Folao™)) (T=m)folg() = 7filgi(r)

Therefore,
(11, 72)
1 . w2
| R A ) i B (S (S, ) <7T 1)
1 . (1-7m)?2 7-1
+ (1 — ) folqo(1)) fo(qo(72)) min(ry, 72) = 7172 = Emo(S, 71)mo (S, 72)] < r—1 1 ) }

s + 1—m S
+ {E’Y(S) [(m1(S, 71) — mo(S,71)) < {0_(720(7'1)) fl(q17(r‘rl)) ) I Q(Tl)f}((gl(?)’))) (7r>
nfi(qi(r)) (A=) fo(qo(m1)) 1(q1(71 1

1— + 1—7
+ g(ry) L2(0()1S) ( ”)] y [(ml(& ) — m0(S.72) ( fo(qo(Tz)) o) )
folao(r)) \ —1 T~ =)

filgi(m)|S) (= folgo(m)|S) (1 -7
T ) (1> ) o(m) ( 4 )]}
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my(S,m) (7 mo(S,m) (1—m mi(S,72) (m mo(S,m) (1—7\]'
" {E[fl(m(ﬁ)) <1> - fo(qo(m1)) ( —1 )} [fl((h(TZ)) <1> * folqo(72)) < -1 )] }

Lemma S.E.2. Recall the definition of R;Ufe,l,l(“’ 7) in (S.C.2). If Assumptions 1 and 2 hold, then

O]

sup |Refen1(u, )| = op(1).

Proof. We divide the proof into two steps. In the first step, we show that sup,cs | Dy (s)| = Op(v/1).

In the second step, we show that

sup |Z&A 1{S; = s}ni1(s,7)| = Op(v/n). (S.E.1)

T7€Y,5€S i—1

Then,

sup |Rsfe 1, 1(U 7-)|

7Y
< Z |u1\ Sup Dy (s) [ sup Z&A 1{S; = s}ni1(s,7)| +sup|D, (s )]}
seS sGS \/ﬁ TEY,s€S s€S
:Op(]'/\/ﬁ)v
as n*(s)/n = p(s) > 0.
Step 1. Because
sup | Dn(s)| = Op(v/n),
seS
we only need to bound the difference D (s) — D, (s). Note that
n(s)"Y2DY(s) — n(s)"Y2Dp(s) = n~/? Z —7)1{S; = s}. (S.E.2)

We aim to prove that, if n(s) — oo and Dy(s)/n(s) = o0,(1), then conditionally on data, for
sES,

5)"1/2 D (&~ (A = m)L{S; = 5}~ N(0,7(1 — ) (S.E.3)
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and they are independent across s € S. The independence is straightforward because

n

3 - DA - m)US = s} {Si =5} =0 for s#5.

n(s) 5

For the limiting distribution, let D,, = {Y;, 4;, S;}; denote data. According to the Lindeberg-
Feller central limit theorem, (S.E.3) holds because (1)

n

-1 ZIE[(& - 1)2<Ai - 7T>21{SZ‘ = S}|Dn] :n(s)*l ZI(AZ _ 2Az‘77 4 7T2)1{SZ- _ 8}
=n(s)™1 (A — 7 — 24 — )7+ 7 — 7?)1{S; = s}
=1
:171_(82)7an(3) +7(1—m)

Lor(1 —n),

and (2) for every € > 0,

-l Z — m)1{Si = s}E (& — D?1{I& — 11(4 — )1{Si = 5} > ey/n(s)}|Du
<AE(& — 1)21{2]& — 1] > e/n(s)} = 0,

where we use the fact that |A; — 7|1{S; = s} < 2 and n(s) — oco. This concludes the proof of Step
1.
Step 2. By the same rearrangement argument and the fact that {¢;}7 ; 1 D,,, we have

N(s)+ni(s)

1 ~
sup | — Z &imi1 (8, 7)|-

n
TEY,s€S i=N(s)+1

Z{,A 1{Si = s}nii(s, 1) g

sup
TEY,s€S| M

Let Ty 1(s,t,7) = thJ M and F = {&mia(s,7) : 7 € T, s € S} with envelope F; = C¢; and
||Fi]|p2 < 0o. By Lemma E. 1 and van der Vaart and Wellner (1996, Theorem 2.14.1), for any ¢ > 0,

we can choose M sufficiently large such that

270E su Tha(s, 1,
IP( sup Tpa(s,t,7)] > M) < Prev,ses [Tni(s,1,7)]
0<t<1,7€Y,s€S i
_270E/n|[P, — Pz _ J(L, F)|IF;||p2
M ~ M

<e€

Therefore,

sup ITn1(s,t,7)] = Op(1)
0<t<1,7€Y,seS
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SENEE

and
sup Zsz 1{S; = s}nii(s, 1) 4 sup  —— le (S’N(s)—l—nl(s) -
et seS| T T€Y,s€S n
—0,(1/v/). -
O

This concludes the proof of Step 2
Lemma S.E.3. If Assumptions 1 and 2 hold, then S.C.4 and S.C.5 hold

Proof. We focus on (S.C.4). Note that
(H{Yi(1) < qu(7) + 0} = {Yi(1) < qu(7)}) dv

2 (e +5k)

Vn

210 (4, 7)
u’ig

—ZZ&A 1{S; _s}/f
seS i=1

_ZZ&AA{SZ' = s}oi(u, 1,5, E¥(8)) — E¢i(u, 7,8, E¥(3)|S; = 5)]

seS i=1

+ ZZfz‘Ail{Si = s}Eo¢;(u, 7,8, EY (s)]S; = s),

seS i=1
(S.E.5)

= nwn(s) D\;UL/(ES) = Op(l)a

where by Lemma S.E.2, E¥(s) = /n(7"(s) — )

1 (H{y;(1

a(m)+7;
O (1 1vi) < () + 0} - 1% < ) o

u/Llii
NG
) with e being evaluated at

NG

¢i(u77_7876> -
0
s) is interpreted as E(¢i(u,T,s,e)|S.

and Ed)z (U, T8, E}’LU(S)’S
For the first term on the RHS of (S.E.5), by the rearrangement argument in Lemma E.2, we

i =5)]

have
) GAL{S; = s}ei(u, 7,5, EY(s)) — Egy(u, 7,5, EY (s)]S
seS 1=1
N(s)+ni(s)
—Z > Gldi(u T s, B (s) — B (u, 7,5, BY(s))),
s€S i=N(s)+1
where
Ya - (g(r)+24L)
(H{Y? (1) < au(7) + o = {YP(1) < qu(7)}) dv
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Similar to (S.B.9), we can show that, as n — oo,

N(s)+n1(s)
sup > Gl (T8, EY(s) — B (u, 7,5, B (s))]| = 0p(1). (S-E.6)
T7€Y,s€S =N (s)+1

For the second term in (S.E.5), we have

Z Z{iAil{Si = s}Eop;(u, 1,5, EY(8)]|S; = s)

s€S i=1

_y i 1&”1{5 = 5 B (7,5, BY(9) + 3 2 kg, 5, BV (s))

seS s€eS
_Zﬂ_p |:f1 Q1( )| )(U/Ll _E;Lu( ) ( +0p :| +Z |:f1 Q12( )| )(U/Ll —E;U(S)Q(T))z‘f‘Op(l)
s€ES s€S
TR (1,2 - 5 () ”Dﬁgw“«ﬂ+h%@v+%ux (SED
seS

where the 0,(1) term holds uniformly over (7,s) € T x S. The second equality holds by the same
calculation in (S.B.10) and the fact that >, &1{S; = s} /n 25 p(s). The last inequality holds

because 2z (S) =o0y(1), EY(s) = nw"(s) Df%s) = 0p(1)

L5 1/p(s), and

) ’I’Lw(S)
wf1(qi(7)|s
g1(r) = 30 TR i )202(0)
seS
Combining (S.E.5)—(S.E.7), we have
T 7DY(s)u't
t1(m) = DD 0102 5 0121 TP ) g () 4 B2 (),
seES

where

17 = 32 TR )22

seS

and

sgp |Rsfe 2, 1(u, )| = 0p(1).

This concludes the proof.

Lemma S.E.4. If Assumptions 1 and 2 hold, then sup,cy |[[W, . (7)|] = Op(1).
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Proof. 1t suffices to show that

1 n
S | Z; EA{S; = synia(s, )| = Op(1) (S.E.8)
1 n
S ;gim — A){S; = sInio(s, )| = O,(1), (S.E.9)
sup NP Z@ i — m){S; = s}| = Op(1), (S.E.10)
and
sup \}ﬁ i;gi(mml(si,f) +10(1 — m)mo(Si, T))H — 0,(1). (S.E.11)

Note that (S.E.8) holds by the argument in step 2 in the proof of Lemma S.E.2, (S.E.9) holds
similarly, (S.E.10) holds by (S.E.2) and (S.E.3), and (S.E.11) holds by the usual maximal inequality,
e.g., van der Vaart and Wellner (1996, Theorem 2.14.1). This concludes the proof. O

Lemma S.E.5. If Assumptions 1 and 2 hold, then conditionally on data,

ZZ 1)Ji(s,7) ~ Byye(T),

sES i=1
where By (1) is a Gaussian process with covariance kernel Xgs.(-,) defined in (S.C.6).

Proof. In order to show the weak convergence, we only need to show (1) conditional stochastic
equicontinuity and (2) conditional convergence in finite dimension. We divide the proof into two
steps accordingly.

Step 1. In order to show the conditional stochastic equicontinuity, it suffices to show that, for

any € > 0, as n — oo followed by § — 0,

P sup WTi(s,12) — Ti(s,71))| > € L0,
<7—1 ,2EY, 71 <T2<T1+0,5€S \/> Z ‘ ’
where P¢(-) means that the probability operator is with respect to &i,---,&, and conditional on
data. Note
n
EPe ( sup —= > (&= D)(Jils,m1) = Fi(s,m))| = 6)
71,72EY, 11 <T2<T1+0,5€S —
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Z S TQ) %(S,Tl))

> €>
> 5/3)

=P sup
T1,2EY, 11 <T2<T1+0,5€S

SP( sup (s,m2) — »71',1(577'1))
71,2 €Y, T <T2<T1+0,5€S

AL
i

+F <7‘177'2€T,7’18<1’:'£)<T1+(5,863 \}ﬁ ;(& - 1)($’2(8’ 7—2) ; Z’Q(s’ 7—1)) 2 6/3>
+F <T1,7'2€T,T1S<171'£)<T1+6,565 \}ﬁ ;(EZ - 1)<$’3(8772) - \%’3(8’ Tl)) - 6/3> ,
where
Toa(s,7) = Ail{Si = s}mia(s,7) (1= A)I{S; = s}nmio(s,7)
v 7 f1(q1(7)) (1 =) folqo(T)) ’
Ji2(s,7) = Fi(s,7)(A; — m)1{S; = s},
(i-n o e TR@Ol)  fola)ls)
B0 = (Rt~ A m ) ) - mats o | GO - S
ey mi(s,T) B mo(s,T) .
Flo:7) = (ot~ o) 15 =91
Further note that
n N(s)+n1(s) N(s)+n(s) -
DT (s ) L (& — Diia(s,7) (& — Diio(s,7)
;(& 1)Jia(s,7) iz]%ﬂ 7 fi(qi (7)) . (S)% 1 (L= ™) folao(7)

By the same argument in Claim (1) in the proof of Lemma E.2, we have

> 5/3)

1 (6 = D(Fa(5,72) = Tials,m))|

9

IZ (s,m2) — Ji(s,71))

P sup
T1,72€Y, 11 <TQ<7'1+(5 SES

3E Supr, ,T2EY 71 <To<T1+6,5€S 771

<

3Clog(cl%)

c90 log(c%) +—

€

<

)

where C, ¢; < ¢y are some positive constants that are independent of (n,e,d). By letting n — oo
followed by 6 — 0, the RHS vanishes.
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For J; 2, we note that Fi(s,7) is Lipschitz in 7. Therefore,

IZ (s,72) — Ji2(s,71))

25/3> —0

as n — oo followed by § — 0, in which we use the fact that, by (S.E.3),

Z —m)1{S; = s}| =

Last, by the standard maximal inequality (e.g., van der Vaart and Wellner (1996, Theorem 2.14.1))
and the fact that

> 5/3>

P sup
71,72 €Y, 71 <T2<T1+J,5€S

1 n
<>P (oa NG ;(@ —1)(4; — m)1{S; = s}

seS

0,(1).

sup |—
seS

fila(r)  folao(7))

is Lipschitz in 7, we have, as n — oo followed by § — 0,

( ma(s,7) _ mo(s,7) >

ZE/B) —

Step 2. We focus on the one-dimension case and aim to show that, conditionally on data, for
fixed T €Y,

fz S TQ) %73(8,7'1))

P sup
71,72 €Y, 11 <12 <T1+0,5€S

This concludes the proof of the conditional stochastic equicontinuity.

\FZZ 1)Ji(s,7) ~ N(0, Esfe(TT))

seS 1=1

The finite-dimensional convergence can be established similarly by the Cramér-Wold device. In view

of Lindeberg-Feller central limit theorem, we only need to show that (1)

LS IS A A s Golmr) + () + ()
i=1 seS
and (2)
*ZZJZST%EE 1“2 & —1D)Ji(s, )| > ev/n} — 0.
i=1 s€§ seS

(2) is obvious as | J;(s, 7)| is bounded and max; |§; — 1| < log(n) as & is sub-exponential. Next, we
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focus on (1). We have

LSS Sl

i=1 se$S
4 A; 1{5 = 5}771 1(3 T) _ (1 - Az)l{sl = 3}77@0(3’7-)
;sezs{[ 7 f1(q1(7)) (1 =) folao(7)) ]

s (5 - R ) us-al}

=0} + 05 + 0'§ + 2012 + 2013 + 2093,

where

AUS; = shia(s, 1) (1= ADUS; = s}mio(s, )]
;;[ ™ fi(q1(T)) (1 =) fo(qo(7)) ] ’

n

Z —7'(')21{81 :3}7
€S

i:l

3\'—‘

A= G- e

. l A 1{5 = 3}?71 1(8 T) _ (1 — Az)l{SZ = S}T]i,o(S,T) . o o
e @1%[ ") e A= g8 =)

- 122[1‘1 il{Si=sinia(s,m) (11— A)H{Si = S}Th,o(S,T)] K ma(s,7) _ mo(s,7) )]7

mf1(q1(7)) - (1 =) folgo(7)) fla()  folgo(7))

i=1 s€8S

and

1 n mi(s, T molS, T
023 =012 = — ZZFl(S’T)(Ai G S}[(fl(lq(l(T))) - fOE)q(O T)))ﬂ

=1 seS

For 02, we have

L o [AiL{Si = shifa(s,7) (1= A)L{S; = s}y (s, 7)
”;s;[ 72 f7(qi(7)) (1 —m)2f5(qo(7)) ]
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i*Z iﬂ g 77@‘21(5 + Z Z 77@‘2,0(&7')
s€S i=N(s 2fl( SGSz N(s)+ni(s)+1 (1 N W)Qfg(qO(T))
p T(1—7)— Eml(S,T) n T(l —7) —Emg(S,7)
™t (au(r)) (1 —7)f5(qo(7))

where the second equality holds due to the rearrangement argument in Lemma E.2 and the conver-

= CXQ/(Wv 7'),

gence in probability holds due to uniform convergence of the partial sum process.

For 02, by Assumption 1,

= =37 P}, 7)(Dals) = 2nDals) + 71 = WS, = 5}) L3 (1 mBF(S;, ) = E3(m, 7).
seS

For 02, by the law of large number,

el (R0 - e )]~

For 019, we have

1 A L{S; = s}ml 8,T) Ai)1{S; = s}mio(s, 7)
ISt a oo - Fi(
2=y 2 (1-mAs >Z ™ i@ (7) SGZS” o Z (L =) o(a0(r))
al N(SHZM(S) 7i,1(8, T Z M S)i:n(s 7i0(8,7) p
LS 1w (s,7) Tl D LY s w2y,
n = g Thiam)  ni . N(s)+n1(s)+1( — ) fo(qo(7))

where the last convergence holds because by Lemma E.2,

. N(s)+n1(s) ) 1 N(s)+n(s) ,
- Z Mi,1(s,7) — 0 and - Z fli,0(s,7) — 0.
i=N(s)+1 i=N(s)+n1(s)+1

By the same argument, we can show that
13 L50.

Last, for o923, by Assumption 1,

7= 2 hil) (Flat ~ Fae)) a2 2o

Therefore, we have

U AP 2 Gl ) + 8w, m) + €7,

i=1 se€S
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Lemma S.E.6. Recall Ry, ,,(u,7) and Ry, 5,(u,7) defined in (S.D.5) and (S.D.6), respectively.
If Assumptions in Theorem 5.1 hold, then (S.D.5) and (S.D.6) hold and

SUD |21 (s 7)| = 0p(1) and  sup [Rspes0(u, 7)| = 0p(1)-

Proof. We focus on (S.D.5). Following the definition of M,; in the proof of Lemma E.5 and the
argument in the Step 1.2 of the proof of Theorem S.A.1, we have

L;,l,n(u T)
N(s)+m1(s) B (g(r)+ L)
Vn Vn vn
=> > Mm'/ (Y (1) < qu(7) + v} = {YP (1) < qu(7)}) dv
SES i= N(s)+1 0
s)+n1(s) N(s)+ni(s)
—Z Z Mo [$i(u, 7, 8, B () — Ei(u, 7, B ()] + Z MmEd)i(u,T,s,E;(s)),
s€S i=N(s s€S i=N(s
(S.E.12)
where Ej(s) = vi(i*(s) — ) = 785258 = 0,(1),
U L] e Ul
= (a+%)
¢i(u,T,5,€) = / (Y1) < qu(7) + v} = H{YP (1) < qu(7)}) dv,
0

and E¢;(u, T, s, EX(s)) is interpreted as E¢;(u, 7, s, e) with e being evaluated at E(s).
For the first term on the RHS of (S.E.12), similar to (E.11), we have

N(s)+n1(s)

Z Z an [¢i(u7Tvs7E;(s)) _E(bi(u’T’S’E;(S))]

s€S i=N(s)+1
N(s)+n1i(s)

=" Y g lbilur s, EL(s) — Edi(u, 7,8, E5())] + Y ralu, 7, 8, EL(s)), (S.E.13)

s€S i=N(s)+1 sES

where {7}, is a sequence of i.i.d. Poisson(1) random variables and is independent of everything

else, and

#11(s)
Vn #

o0
rn(u, T, s, e) = sign(N(n1(s)) — ni(s Z (u,7,s,e) — Ep;(u,,s,e)].
7=1

ZEIJ (s)
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We aim to show

sup  |ra(u, 7,5, €)] = 0y(1), (S.E.14)
le|<M,T€Y,s€S

Recall that the proof of Lemma E.5 relies on (E.10) and the fact that

1
E sup sup |-
n>k>ng T€Y,s€S k

k
Z ﬁjjl(s, 7') — 0.
j=1
Using the same argument and replacing 7;1(s,7) by /n[¢i(u, T, s,e) — Eg;(u, T, s,e)], in order to
show (S.E.14), we only need to verify that, as n — oo followed by ny — oo,

k

E sup sup Z Vv pi(u,7,s,e) — Epi(u,7,8,€)]| = 0

1
n>k>ng le|<MreX,ses | K T

Because sup|<arer,ses ‘% 2?21 Vn[di(u, T, s,e) — Egi(u, T, s,e)]| is bounded as shown below, it
suffices to show that, for any € > 0, as n — oo followed by ng — oo,

k

1

P sup sup — g Vn[pi(u,7,s,e) —Edi(u,7,s,€)]| > | = 0. (S.E.15)
n>k>ng |e|<M,7€Y,s€S k j=1

Define the class of functions F,, as
Fo={vnloi(u,7,s,€) —Ep;(u,7,s,¢)] : le| <M, 7€Y,s €S}

Then, F, is nested by a VC-class with fixed VC-index. In addition, for fixed u, F,, has a bounded

(and independent of n) envelope function
F=ul+M <max lg(T)| + ]uﬂ) :
TeT

Last, define 7; = {2!,2! +1,--. ,2!¥1 — 1}, Then,

k

P| sup sup > Vnli(u,,s,e) — Ei(u,7,5,€)]| > ¢

1
n>k>no |e|<M,reT,seS | K =
[log (n) |+1 L
< Z P | sup sup - Z Vn[gi(u,7,s,e) —Egp;(u,7,s,€)]| > ¢
I=|logy(ng)]  \FETIEISMTET,s€8 | %
[logy (n)]+1
< P| sup sup Z Vnlgi(u,7,s,e) — Epi(u,7,s,e)]| > 29!
1=|log,(no)| k<2 [e| <M TEY 5€8 | 1
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[logy(n)]+1 2i+1

< Z 9P sSup Z \/ﬁ [sz(u, T8, 6) - Eqbz(u? Ty S, 6)] > €2l/30

le|]<M,reY,seS

I=logy(n0)] J=1

[logz(n)|+1 270, SUD|e|<M,reT,seS ’ZZHI Vnloi(u, 1, s,e) — Epi(u, T, s,e)]
= g2l

I=logy(n0)]

[logy(n)]+1

1

< Z e2l/2

I1=|logs(n0)]

201

— 0,

=<V

where the first inequality holds by the union bound, the second inequality holds because on Zj,
241 > k> 2! the third inequality follows the same argument in the proof of Theorem 3.1, the
fourth inequality is due to the Markov inequality, the fifth inequality follows the standard maximal
inequality such as van der Vaart and Wellner (1996, Theorem 2.14.1) and the constant C; is inde-
pendent of (I,&,n), and the last inequality holds by letting n — co. Because ¢ is arbitrary, we have
established (S.E.15), and thus, (S.E.14), which further implies that

sup |Tn(u7 T7S7E:L(S))| = Op(]-)a
T7€Y,s€S

For the leading term of (S.E.13), we have

s)+ni(s

Z Z gz [¢i(u7T7S7E:L(S)) _E¢i(u’ 7-757E;;(S))]

s€S i=N(s)+1

= [T (N(s), 7 B (s)) — T3 (N (s) + ma(s), 7, B3 ()],

s€S
where
w'iy—ea(n)+ L)
s (k,7,e) Zfi / . (Y7 (1) < qu(r) +o} = H{YP(1) < qu(1)}) dv

ke [T ) S a0 + b= 1070 < b

By the same argument in (S.B.8), we can show that

sup |05 (K, 7, e)| = 0p(1),
0<t<1,7€T,|e|<M
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where we need to use the fact that the Poisson(1) random variable has an exponential tail and thus

E  sup & = O(log(n).
i€{1,--,n},s€S

Therefore,
N(s)+ni(s)
sup [ Y My [6i(u, 7,5, Bi(5)) — Egy(u, 7, B (5))]| = 0p(1). (S.E.16)

TeT s€S i=N(s)+1

For the second term on the RHS of (S.E.12), we have

5)+n1(s)
Z Z M, ;E¢i(u,7,s,e) = Z ni(s)E¢;(u,,s,e)
s€S i=N(s)+1 seES
= Z (s )|S) (u't1 — eq(T))* + o(1), (S.E.17)
seS

where the o(1) term holds uniformly over (7,e) € T x [-M, M], the first equality holds because

ZZJ\L(;)(J; )nigs) My = nj(s) and the second equality holds by the same calculation in (S.B.10) and the

facts that n*(s)/n - p(s) and

ni(s) _ Di(s) +7n’(s)

p
LN .
- mp(s)

Combining (S.D.5), (S.E.12), (S.E.16), (S.E.17), and the facts that Ef(s) = —2-2a() ang
n%(s) 25 1/p(s), we have

. ™ wD}(s)u't . .
L4 p(u,7) = L (u't1)? Z Silqu(r ¢Q(T) +h51(T) + Rggpenn(u,7),

where

seS
and
Sup ‘Rsfe 2, l(u 7—)‘ - Op(l)
TET
This concludes the proof. ]

Lemma S.E.7. Recall the definition of (WS, , 1(T) = Wai(7), W, 0 o(T), Wiie, 5(T) — Wia(7))

S
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in (S.D.7). If Assumptions in Theorem 5.1 hold, then conditionally on data,
Wetem1(T) = Wi (7), Wite na(7), Wke n 3(T) = Waa(T)) ~» (Bi(7), Ba(T), B3 (7)),

where (By(7), Ba(7), B3(7)) are three independent Gaussian processes with covariance kernels

min(Tl,TQ) — T1T2 — Eml(S, Tl)ml(S, TQ) min(Tl,TQ) — T1T2 — EmQ(S, Tl)m()(S, TQ)

mf1(qi(m)) fi(qi(2)) (1 =) folqo(m1)) fo(qo(72)) ’

Yi(ri,m) =

Yo(r1,72)
1—m ™ ) +a(n) (fl(Q(ﬁ)\S) _ fo(CJ(Tl)IS))]

=E7(8) {“’“(S 1) = mo(8, 7)) <wf1<q1 M) 0= folao(m)) Ala(m)  folao(m)

l—m m ) +q(m) <f1(Q(Tz)!S) B fo(q(m)!S))}

ot = mits ) (Lt~ ) fi((m) ~ folao(r))

and

mi(S,7)  mo(S, 7'1)} [ml(S, T2)  mg(S, 7'2):|
filai(r2))  folgo(m2))]’

Y3(71,m2) = E[f1(q1(7'1)) a fo(qo(m1))

respectively.

Proof. Let A, = {(A},Sf, A;,S;) :i=1,--- ,n}. Following the definition of M,,; and arguments in

)

the proof of Lemma E.5, we have

{ s*fe,n,l(T) - Wml(T)“An}
N(s)+n(s)

[N(s)+n1(s) - _
d RS o Mia(s,7) \ o 7i,0(8,7)
) {Z Al 2 emen(EET) - Y e (SR

| i=N(s)+1 i=N(s)+n1(s)+1

- Zl_N(S§1(S)<£$—1>ﬁi’1(s’7) - N(S)fjn(S) (R I LGk R e P
N sES\/ﬁ i=N(s)+1 ' ﬂ—fl(QI(T)) i=N(s)+n1(s)+1 ‘ (1_7r)f0(QO(T)) ! "

where sup,cy |R1(7)| = 0p(1) and {£}7_, s € S are sequences of i.i.d. Poisson(1) random variables
that are independent of A, and across s € S. In addition, by the same argument in the proof of

Lemma E.2, we have

) [N (s)+n1(s) i1 (5,7) N(s)+n(s) Ni0(s,T)
L & — 1) - - DEmh
gg 7 _ i}%ﬂ ( )ﬂ-fl(ql(T)) iN(s)grgl(s)H( )(1 — ) fo(qo(T))
) [n(F(s)+7p(s))] i (s,7) Ln(F(s)+p(s))] fiio(s, T)
=N — & —1) " — & —1 -y - fa(7
gs v | iLnFZ(S)J-H ) iLn(F(s)%;rp@))m( T o) )
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where sup ¢y [R2(7)| = 0p(1). Because both W, |, 5(7) and Wy, 3(7) — Wh 2(7) are in the o-field
generated by A,,, we have

( s*fe,n,l(T) - Wn,l(T)’ W;fe,n,2 (T)7 s*fe,n,S(T) - Wn72(7-))
d * * *
:(Wl (7—) + (T) + R (T)7 ste,n,2(7-)7 ste,n,3(7—) - an (T))

In addition, note that {£}?_; and {7;1(s, 7),7:1(s, 7) }}'_; are independent of Ay, therefore, W (1) L
L Witeno(T)s Wete n3(T) = Wao(7)). Applying van der Vaart and Wellner (1996, Theorem 2.9.6)

S S

to each segment

[nE(s)] + 1.+, [n(F(s) + mp(s))| or [n(F(s)+mp(s))] + 1, [n(F(s) +p(s))]

for s € S and noticing that {7;1(s,7)}"_; and {9 o(s,7)}I~, are two i.i.d. sequences for each s € S,
independent of each other, and independent across s, we have, conditionally on {7; 1(s, 7), 7;0(s, 7) }I'_,
sES,

Wi (7) ~ Bi(T)

with the covariance kernel ¥ (71, 72).

For W}, ,5(7), we note that it depends on data only through {S7}/.,. By Assumption 4,

sten2(TIH{S Yy ~ Ba(7)

with the covariance kernel Yo(71,72).
Last, for W, |, 3(7) = Wh2(7), note that {S;} is sampled by the standard bootstrap procedure.
Therefore, directly applying van der Vaart and Wellner (1996, Theorem 3.6.2), we have

. mi(S;,7)  mo(S;,T)
Wtens(T) — Wi, & — [ + R3(7
jnalr) = Woatr) = 723 6= [T - T+
where sup,cy |R3(7)| = 0p(1), {&/}"_, is a sequence of i.i.d. Poisson(l) random variables that is

independent of data and {£}7 ,, s € S. By van der Vaart and Wellner (1996, Theorem 3.6.2),
conditionally on data {S;}I",,

L n ma SZ,T) mo(si,T) - .
fE Lﬁ @) ol B

where B3(7) has the covariance kernel ¥3(71, 72). Furthermore, Ba(7) and Bs(7) are independent as
Yo(711,72) is not a function of {S;}? ;. This concludes the proof.
O
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S.F  Additional Simulation Results

S.F.1 DGPs

We consider the following four DGPs with parameters v = 4, 0 = 2, and p which will be specified

later. DGPs 1 and 3 correspond to DGPs 1 and 2 in Section 6 in the main paper.

1.

Let Z be the standardized Beta(2,2) distributed, S; = Z?Zl{Zi < gj}, and (g1, ,94) =
(—0.25v/20, 0, 0.254/20, 0.54/20). The outcome equation is

Yi = Aip+vZi + i,

where 7; = 0 Aje; 1 + (1 — Aj)ei2 and (g4,1,€i,2) are jointly standard normal.

. Let S be the same as in DGP1. The outcome equation is

Yi=Aipn+~vZ;Ai — (1 — A;)(log(Z; + 3)1{Z; < 0.5}) + n;.

where 7; = 0 Ajei1 + (1 — Aj)ei2 and (g4,1,€i,2) are jointly standard normal.

. Let Z be uniformly distributed on [-2,2], S; = Z?Zl{ZZ- < g}, and (g1,--- ,04) = (—1,0,1,2).

The outcome equation is
Yi=Aip+ Amiq + (1 — Aj)mgo + s,

where mio = ’yZZQlﬂZZ‘ > 1}+%(2*23)1{|Zl’ < 1}, n; = U(1+Zi2)Ai5'i,l+(1+ZZ’2)(1*A1‘)51‘,2,
and (g1, ¢€i,2) are mutually independent 7'(3)/3 distributed.

. Let Z; be normally distributed with mean 0 and variance 4, S; = E?Zl{Zi <gi}, (91, ,04) =

(2971(0.25),2®71(0.5),2®71(0.75), 00), and ®(-) is the standard normal CDF. The outcome

equation is
Yi=Aip+ Amiq + (1 — Aj)mgo + s,
where m; o = —’yZi2/4, mi = 'yZ22/4,
ni = o(1+0.5exp(—Z2/2))Aici1 + (1 + 0.5exp(—Z2/2))(1 — Ai)ei 2,

and (g;,1,¢€;,2) are jointly standard normal.

When 7 = %, for each DGP, we consider four randomization schemes:

1. SRS: Treatment assignment is generated as in Example 1.

2. WEL Treatment assignment is generated as in Example 2 with ¢(z) = (1 — z)/2.
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3. BCD: Treatment assignment is generated as in Example 3 with A = 0.75.

4. SBR: Treatment assignment is generated as in Example 4.

When 7 # 0.5, we focus on SRS and SBR. We conduct the simulations with sample sizes n = 200
and 400. The numbers of simulation replications and bootstrap samples are 1000. Under the null,
i = 0 and the true parameters of interest are computed by simulations with 10 sample size and 10*
replications. Under the alternative, we perturb the true values by ¢ =1 and g = 0.75 for n = 200
and 400, respectively. We consider the following eight t-statistics.

1. “s/naive”: the point estimator is computed by the simple QR and its standard error opgive is

computed as

naive 2 ) =
2
1 11 (S;, T) 10 (Si, T)
— (1l —m = —
T i=1 — (W 1(41(7)) ! (1—m) o(do(T))>
n . ) 2
1 (77}1(5"’7) _ o S”)> , (S.F.1)
n i=1 fl(él(T)) fO((jO(T )

where ¢;(7) is the 7-the empirical quantile of Y;|A4; = j,

Y A =shr - Y < @D}
min(s,7) = i (5) ,

2 (1= A) IS = s} — H{Yi < Go(7)})
n(s) —ni(s)

mLO(Sy T) - )
and for j = 0,1, f]() is computed by the kernel density estimation using the observations Y;
provided that A; = j, bandwidth h; = 1.0663-11]-_1/ 5, and the Gaussian kernel function, where 6
is the standard deviation of the observations Y; provided that 4; = j, and n; = > - ;{4; = j},
j=0,1.

2. “s/adj”: exactly the same as the “s/naive” method with one difference: replacing 7(1 — 7) in
2
O naive by V(Sl)

3. “s/W”: the point estimator is computed by the simple QR and its standard error op is com-
puted by the weighted bootstrap procedure. The bootstrap weights {&;}7" ; are generated from
the standard exponential distribution. Denote {Bi‘jb}{il as the collection of B estimates ob-
tained by the simple QR applied to the samples generated by the weighted bootstrap procedure.
Then,

Q(0.9)
1 .

_ —Q(0.1)
$-1(0.9) — &1

—1(0.1)°

40



where ®(-) is the standard normal CDF and Q(7) is the 7-th empirical quantile of {B{‘:b}szl.

4. “sfe/W”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the QR with strata fixed effects.

5. “ipw/W?”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the inverse propensity score weighted QR.

6. “s/CA”: the point estimator is computed by the simple QR and its standard error oc4 is
computed by the covariate-adaptive bootstrap procedure. Denote {B{ b}bB:1 as the collection
of B estimates obtained by the simple QR applied to the samples generated by the covariate-

adaptive bootstrap procedure. Then,

_Q(0.9) —Q(0.1)
7CAT 3-1(0.9) — 2-1(0.1)

where Q(7) is the 7-th empirical quantile of {Bib}bB:I'

7. “sfe/CA”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the QR with strata fixed effects.

8. “ipw/CA”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the inverse propensity score weighted QR.

S.F.2 QTE, Hy, 7 =0.5

Table 1: Hy, n = 200, 7 = 0.25
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
SRS 0.042 0.042 0.061 0.039 0.047 0.046 0.044 0.046
WEI | 0.011 0.038 0.018 0.043 0.046 0.037  0.047 0.047
BCD | 0.004 0.041 0.010 0.043 0.043 0.045 0.048 0.048
SBR 0.003 0.047 0.003 0.047 0.0564 0.049 0.046 0.046
2 | SRS 0.045 0.045 0.060 0.062 0.066 0.056  0.069 0.069
WEI | 0.023 0.037 0.049 0.056 0.066 0.068 0.064 0.068
BCD | 0.021 0.037 0.032 0.049 0.057 0.063 0.059 0.057
SBR | 0.025 0.042 0.037 0.050 0.054 0.057 0.054 0.053
3 | SRS | 0.042 0.042 0.045 0.045 0.054 0.055 0.044 0.058
WEI | 0.042 0.043 0.037 0.044 0.045 0.045 0.043 0.045
BCD | 0.052 0.056 0.044 0.050 0.057 0.057 0.057 0.055
SBR 0.046  0.053 0.041 0.043 0.048 0.052 0.048 0.047
4 | SRS 0.054 0.0564 0.048 0.046 0.049 0.046 0.043 0.048
WEI | 0.050 0.051 0.045 0.035 0.047 0.051 0.043 0.055
BCD | 0.056 0.059 0.040 0.030 0.049 0.047 0.044 0.048
SBR | 0.061 0.065 0.044 0.032 0.053 0.057 0.051 0.053

_
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Table 2: Hy, n =200, 7 =0.5

M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.045 0.045 0.047 0.043 0.044 0.044 0.039 0.039
WEI | 0.012 0.040 0.014 0.044 0.043 0.037 0.041 0.035
BCD | 0.002 0.057 0.003 0.040 0.041 0.044 0.039 0.039
SBR 0.001  0.057 0.001 0.045 0.046 0.045 0.045 0.044
2 | SRS 0.045 0.045 0.067 0.066 0.061 0.048 0.064 0.066
WEI | 0.033 0.065 0.037 0.056 0.065 0.065 0.056 0.061
BCD | 0.022 0.062 0.027 0.048 0.056 0.057 0.057 0.054
SBR | 0.017 0.050 0.017 0.040 0.046 0.048 0.048 0.046
3 | SRS | 0.004 0.004 0.047 0.045 0.052 0.052 0.047 0.053
WEI | 0.006 0.006 0.045 0.050 0.058 0.052  0.053 0.057
BCD | 0.010 0.010 0.045 0.050 0.051 0.050  0.050 0.053
SBR 0.008 0.011 0.048 0.048 0.063 0.046 0.051 0.047
4 | SRS 0.013 0.013 0.050 0.036 0.051 0.055 0.035 0.043
WEI | 0.011 0.011 0.043 0.033 0.051 0.049 0.043 0.052
BCD | 0.013 0.013 0.049 0.041 0.053 0.055 0.047 0.052
SBR | 0.013 0.013 0.040 0.033 0.047 0.046 0.044 0.045
Table 3: Hy, n = 200, 7 = 0.75
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.052  0.052 0.063 0.044 0.044 0.048 0.041 0.042
WEI | 0.012 0.042 0.014 0.043 0.046 0.037 0.039 0.045
BCD | 0.002 0.047 0.002 0.061 0.0564 0.055 0.053 0.053
SBR 0.001 0.026 0.003 0.030 0.035 0.030 0.033 0.035
2 | SRS 0.052 0.052 0.066 0.057 0.058 0.063  0.048 0.058
WEI | 0.021 0.045 0.027 0.047  0.052 0.057 0.051 0.054
BCD | 0.013 0.046 0.025 0.051 0.060 0.067 0.061 0.060
SBR | 0.008 0.036 0.012 0.037 0.046 0.046 0.046 0.050
3 | SRS 0.058 0.058 0.048 0.064 0.047 0.058 0.054 0.051
WEI | 0.053 0.055 0.041 0.044 0.047 0.047 0.048 0.046
BCD | 0.042 0.043 0.026 0.026 0.033 0.033 0.032 0.034
SBR 0.048 0.052 0.040 0.036 0.046 0.051 0.043 0.048
4 | SRS 0.044 0.044 0.057 0.059 0.062 0.063 0.051 0.065
WEI | 0.034 0.034 0.044 0.029 0.053 0.048 0.044 0.054
BCD | 0.029 0.032 0.040 0.019 0.045 0.047 0.043 0.047
SBR | 0.034 0.037 0.042 0.025 0.051 0.055 0.049 0.051
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Table 4: Hy, n =400, 7 = 0.25

M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.047 0.047 0.053 0.041 0.039 0.049 0.040 0.040
WEI | 0.009 0.043 0.017 0.041 0.042 0.045 0.044 0.043
BCD | 0.002 0.042 0.003 0.037 0.040 0.035 0.036 0.037
SBR 0.002 0.043 0.004 0.034 0.034 0.036 0.032 0.030
2 | SRS 0.046  0.046 0.066 0.069 0.059 0.055  0.057 0.059
WEI | 0.035 0.046 0.046 0.056 0.062 0.065 0.061 0.060
BCD | 0.030 0.044 0.037 0.055 0.065 0.060 0.060 0.057
SBR | 0.026 0.049 0.042 0.058 0.067 0.063 0.062 0.066
3 | SRS | 0.044 0.044 0.039 0.041 0.042 0.042 0.041 0.043
WEI | 0.042 0.045 0.048 0.041 0.048 0.061 0.046 0.049
BCD | 0.039 0.040 0.041 0.040 0.044 0.046 0.047 0.048
SBR 0.048 0.051 0.046 0.048 0.0562 0.056 0.056 0.055
4 | SRS 0.056  0.056 0.039 0.042 0.041 0.041 0.043 0.042
WEI | 0.052 0.055 0.038 0.034 0.045 0.042 0.044 0.044
BCD | 0.054 0.058 0.040 0.026 0.045 0.044 0.045 0.043
SBR | 0.061 0.068 0.049 0.027 0.047 0.054 0.055 0.051
Table 5: Hy, n =400, 7 = 0.5
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.042 0.042 0.064 0.046 0.040 0.046 0.050 0.041
WEI | 0.010 0.049 0.008 0.047 0.047 0.046 0.043 0.042
BCD | 0.003 0.045 0.002 0.043 0.043 0.035 0.039 0.040
SBR 0.002 0.046 0.000 0.035 0.037 0.036 0.036 0.037
2 | SRS 0.050 0.050 0.055 0.049 0.047 0.061  0.052 0.050
WEI | 0.018 0.048 0.025 0.041 0.046 0.045 0.048 0.045
BCD | 0.011 0.042 0.011 0.041 0.046 0.045 0.046 0.043
SBR | 0.017 0.051 0.014 0.042 0.050 0.053 0.047 0.050
3 | SRS 0.012 0.012 0.043 0.046 0.048 0.046 0.050 0.050
WEI | 0.014 0.016 0.057 0.055 0.060 0.065 0.058 0.057
BCD | 0.013 0.013 0.055 0.059 0.061 0.051 0.053 0.052
SBR 0.006 0.006 0.040 0.040 0.039 0.038 0.039 0.038
4 | SRS 0.019 0.019 0.056 0.052 0.064 0.066 0.051 0.061
WEI | 0.018 0.018 0.060 0.046 0.065 0.064 0.062 0.066
BCD | 0.015 0.015 0.057 0.046 0.066 0.063 0.059 0.067
SBR | 0.021 0.021 0.057 0.043 0.060 0.062 0.062 0.062
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Table 6: Hyp, n =400, 7 = 0.75

M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 [ SRS | 0.051 0.051 0.056 0.055 0.056 0.052 0.055 0.054
WEI | 0.007 0.041 0.014 0.055 0.053 0.061  0.050 0.051
BCD | 0.006 0.038 0.004 0.046 0.048 0.041 0.042 0.046
SBR 0.004 0.033 0.002 0.044 0.043 0.042 0.043 0.042
2 | SRS 0.048 0.048 0.073 0.065 0.061 0.060 0.057 0.059
WEI | 0.020 0.039 0.024 0.046 0.053 0.048 0.051 0.053
BCD | 0.012 0.048 0.020 0.050 0.051 0.057  0.055 0.051
SBR | 0.011 0.047 0.014 0.046 0.052 0.050 0.052 0.052
3 | SRS | 0.054 0.054 0.050 0.045 0.052 0.049 0.044 0.052
WEI | 0.053 0.055 0.049 0.047 0.053 0.050 0.049 0.054
BCD | 0.059 0.063 0.038 0.041 0.045 0.044 0.043 0.043
SBR 0.049 0.061 0.042 0.044 0.043 0.049 0.049 0.049
4 | SRS 0.054 0.054 0.067 0.063 0.063 0.055 0.056 0.063
WEI | 0.047 0.051 0.055 0.043 0.064 0.055 0.061 0.059
BCD | 0.049 0.051 0.054 0.033 0.063 0.062 0.056 0.063
SBR | 0.046 0.048 0.047 0.026 0.051 0.057 0.056 0.053
S.F.3 QTE, H;, =05
Table 7: Hy, n =200, 7 = 0.25
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.191 0.191 0.203 0.354 0.356  0.205  0.340 0.342
WEI | 0.126 0.257 0.147 0.359  0.358 0.279  0.345 0.350
BCD | 0.105 0.372 0.122 0.379 0.375 0.361 0.369 0.365
SBR 0.099 0.400 0.114 0378 0382 0.411 0.375 0.368
2 | SRS 0.284 0.284 0315 0352 0376 0.319 0.345 0.378
WEI | 0.270 0.319 0.314 0.356 0.364 0.359  0.363 0.369
BCD | 0.282 0.333 0.304 0.361 0.375 0.390 0.385 0.383
SBR 0.290 0.346 0.296 0.335 0.361 0.387  0.358 0.356
3 | SRS 0.712 0.712 0.694 0.688 0.698 0.704  0.677 0.686
WEI | 0.701 0.707 0.678 0.685  0.680 0.699  0.687 0.674
BCD | 0.712 0.720 0.673 0.686 0.695 0.699  0.698 0.698
SBR | 0.672 0.684 0.659 0.639 0.647 0.673  0.647 0.638
4 | SRS 0.166  0.166 0.124 0.112 0.132 0.135 0.131 0.128
WEI | 0.166 0.170 0.126 0.098  0.125 0.144 0.139 0.133
BCD | 0.165 0.176 0.126 0.094 0.155 0.157  0.145 0.157
SBR 0.167 0.175 0.122 0.088 0.139 0.145 0.133 0.140
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Table 8: Hy, n =200, 7=0.5

M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.183 0.183 0.193 0.443 0.441 0.200 0.431 0.429
WEI | 0.116 0.295 0.138 0.442  0.447 0.298 0.437 0.436
BCD | 0.072 0.472 0.095 0.450 0.453 0.434  0.446 0.448
SBR 0.085 0.485 0.099 0463 0460 0.457 0.453 0.448
2 | SRS 0.267 0.267 0.256 0.359  0.366 0.265  0.358 0.371
WEI | 0.248 0.346 0.247 0.358 0.394 0.346  0.378 0.389
BCD | 0.229 0.402 0.233 0.358 0.396 0.388  0.395 0.392
SBR | 0.232 0.404 0.234 0.365 0.392 0.399 0.401 0.391
3 | SRS | 0.797 0.797 0.904 0.897 0916 0.902 0.897 0.913
WEI | 0.802 0.807 0.907 0.903 0.909 0913 0.902 0.906
BCD | 0.796 0.804 0.902 0.910 0.911 0.908 0.911 0.906
SBR 0.771 0.774 0897 0896 0901 0.899 0.894 0.899
4 | SRS 0.176 0.176 0.312 0.269 0.317 0.316  0.297 0.316
WEI | 0.171 0.175 0.289 0.255  0.307 0.309  0.297 0.298
BCD | 0.169 0.174 0.299 0.262 0.313 0.329 0.311 0.316
SBR | 0.163 0.165 0.283 0.255 0.304 0.302  0.298 0.298
Table 9: Hy, n = 200, 7 = 0.75
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.198 0.198 0.215 0.362 0.358 0.216  0.353 0.355
WEI | 0.143 0.293 0.153 0.361  0.368 0.315  0.362 0.364
BCD | 0.108 0.377 0.131 0.356 0.360 0.355  0.353 0.353
SBR 0.079 0.386 0.105 0.397 0.396 0.381  0.403 0.386
2 | SRS 0.268 0.268 0.315 0.386 0.439 0.322 0.391 0.434
WEI | 0.238 0.339 0.285 0.396 0.430 0.390 0.417 0.428
BCD | 0.209 0.407 0.263 0.398 0.428 0.425 0.428 0.418
SBR | 0.206 0.427 0.267 0.439 0.455 0.450  0.465 0.456
3 | SRS 0.698 0.698 0.607 0.594 0.619 0.634 0.609 0.622
WEI | 0.668 0.673 0.607 0.606 0.616 0.631 0.623 0.624
BCD | 0.690 0.698 0.607 0.612 0.616 0.635 0.618 0.621
SBR 0.669 0.675 0.596 0.614 0.633 0.617 0.631 0.630
4 | SRS 0.163 0.163 0.158 0.122  0.167 0.173  0.140 0.169
WEI | 0.144 0.152 0.152 0.105  0.175 0.169 0.152 0.178
BCD | 0.133 0.138 0.151 0.085 0.170 0.177 0.173 0.172
SBR | 0.146 0.154 0.143 0.090 0.175 0.171  0.177 0.180
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Table 10: Hy, n =400, 7 = 0.25

M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.206 0.206 0.229 0.403 0417 0.231  0.401 0.405
WEI | 0.163 0.332 0.173 0.408 0.413 0.337  0.408 0.413
BCD | 0.121 0.430 0.143 0420 0.422 0421 0.419 0.413
SBR 0.128 0.451 0.144 0.428 0.429 0.458  0.426 0.423
2 | SRS 0.312 0.312 0.345 0.422 0.415 0.351 0.416 0.416
WEI | 0.312 0.352 0.332 0405 0.424 0.378  0.408 0.426
BCD | 0.299 0.378 0.333 0.392 0.405 0.403 0.415 0.413
SBR | 0.330 0.389 0.345 0.401  0.407 0.426 0.410 0.406
3 | SRS | 0.763 0.763 0.734 0.730 0.740 0.738  0.732 0.738
WEI | 0.763 0.764 0.739 0.739  0.748 0.744  0.746 0.746
BCD | 0.781 0.783 0.760 0.760  0.768 0.772  0.774 0.767
SBR 0.766  0.773 0.745 0.739 0.744 0.763 0.751 0.744
4 | SRS 0.177 0.177 0.129 0.108 0.136 0.127  0.121 0.133
WEI | 0.170 0.176 0.129 0.096 0.139 0.139  0.131 0.143
BCD | 0.178 0.185 0.132 0.089 0.141  0.141  0.139 0.138
SBR 0.180 0.186 0.129 0.102 0.134 0.147 0.135 0.133
Table 11: Hy, n =400, 7 = 0.5
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.218 0.218 0.232 0.504 0.502 0.235  0.497 0.502
WEI | 0.147 0.356 0.160 0.503  0.503 0.350  0.498 0.507
BCD | 0.089 0.526 0.117 0.498 0.502 0.493 0.495 0.496
SBR 0.089 0.550 0.109 0.520 0.518 0.524  0.526 0.519
2 | SRS 0.301 0.301 0.309 0.402 0.426 0.306 0.413 0.423
WEI 0.287 0.387 0.281 0.402 0.418 0.372 0411 0.420
BCD | 0.268 0.451 0.262 0.400 0.443 0434 0434 0.441
SBR 0.260 0.433 0.252 0.403 0421 0418 0.431 0.420
3 | SRS 0.897 0.897 0.956 0.957 0956 0.957  0.956 0.957
WEI | 0.892 0.892 0.954 0.944 0.948 0.951 0.942 0.948
BCD | 0.887 0.889 0.952 0.949 0.954 0.957 0.954 0.956
SBR 0.900 0.902 0.954 0954 0954 0.958 0.962 0.957
4 | SRS 0.234 0.234 0.345 0.317 0.351 0.353 0.339 0.343
WEI | 0.222 0.224 0.336 0.326 0.352 0.352 0.335 0.358
BCD | 0.226 0.230 0.346 0.321  0.349 0.368 0.359 0.365
SBR | 0.238 0.242 0.369 0.350 0.380 0.379  0.374 0.377
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S.F.4

Table 12: Hy, n =400, 7 = 0.75

M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.218 0.218 0.237 0.430 0.435 0.242 0.438 0.435
WEI 0.163 0.321 0.176 0.441 0.437 0.344 0.433 0.432
BCD | 0.136 0.422 0.152 0421 0.420 0417 0417 0.416
SBR 0.103 0.446 0.124 0.459 0.459 0.448 0.463 0.461
2 | SRS 0.300 0.300 0.337 0445 0479 0.335 0.449 0.479
WEI | 0.258 0.369 0.313 0.446 0.465 0.414 0.453 0.463
BCD | 0.247 0.462 0.295 0451 0476 0.483 0.481 0.477
SBR 0.227 0444 0276 0472 0490 0.471  0.496 0.492
3 | SRS | 0.763 0.763 0.710 0.702 0.707 0.712 0.701 0.715
WEI | 0.773 0.776 0.696 0.701  0.700 0.720 0.709 0.706
BCD | 0.753 0.755 0.705 0.716  0.720 0.720  0.717 0.726
SBR 0.746  0.750 0.684 0.699 0.705 0.692  0.709 0.708
4 | SRS 0.209 0.209 0.199 0.140 0.221  0.208 0.149 0.221
WEI | 0.201 0.208 0.191 0.110 0.203 0.206 0.178 0.204
BCD | 0.195 0.200 0.199 0.121 0.213 0.224 0.213 0.220
SBR 0.198 0.203 0.198 0.114 0.229 0.214 0.230 0.225
QTE, Hy, 7 =0.7
Table 13: Hy, n = 200, 7 = 0.25
M A  s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.042 0.042 0.046 0.042 0.036 0.036 0.039 0.039
SBR | 0.002 0.014 0.005 0.053 0.052 0.049 0.050 0.047
2 | SRS 0.037 0.037 0.051 0.059 0.067 0.061 0.057 0.064
SBR | 0.032 0.036 0.042 0.046 0.048 0.055 0.055 0.055
3 | SRS | 0.046 0.046 0.046 0.047 0.039 0.045 0.049 0.043
SBR | 0.040 0.044 0.032 0.031 0.034 0.041 0.037 0.040
4 | SRS 0.098 0.098 0.067 0.075 0.069 0.062 0.057 0.066
SBR | 0.057 0.066 0.043 0.016 0.062 0.061 0.066 0.064
Table 14: Hy, n =200, 7 = 0.5
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.048 0.048 0.052 0.045 0.047 0.034 0.040 0.044
SBR | 0.001 0.007 0.002 0.039 0.040 0.044 0.038 0.037
2 | SRS | 0.057 0.057 0.065 0.051 0.058 0.050 0.051 0.053
SBR | 0.022 0.034 0.021 0.053 0.053 0.050 0.059 0.053
3 | SRS 0.016 0.016 0.052 0.046 0.064 0.051 0.048 0.053
SBR | 0.004 0.005 0.039 0.038 0.048 0.045 0.046 0.048
4 | SRS | 0.009 0.009 0.046 0.037 0.049 0.046 0.045 0.051
SBR | 0.004 0.005 0.036 0.016 0.052 0.049 0.043 0.046
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Table 15: Hp, n =200, 7 = 0.75

M A s/naive s/adj s/W ste/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.052 0.052 0.057 0.045 0.049 0.044 0.040 0.043
SBR | 0.002 0.008 0.004 0.033 0.034 0.036 0.036 0.036
2 | SRS 0.042 0.042 0.061 0.055 0.067 0.047  0.055 0.068
SBR | 0.006 0.014 0.009 0.029 0.037 0.042 0.039 0.040
3 | SRS 0.056 0.056 0.043 0.038 0.064 0.048 0.046 0.054
SBR | 0.055 0.057 0.048 0.042 0.050 0.053 0.052 0.052
4 | SRS 0.019 0.019 0.038 0.032 0.046 0.045 0.042 0.042
SBR | 0.022 0.022 0.044 0.028 0.045 0.044 0.038 0.042
Table 16: Hy, n = 400, 7 = 0.25
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.044 0.044 0.054 0.039 0.041 0.038 0.040 0.042
SBR | 0.003 0.015 0.003 0.051 0.052 0.043 0.046 0.046
2 | SRS 0.034 0.034 0.057 0.058 0.064 0.062 0.058 0.053
SBR | 0.031 0.034 0.040 0.044 0.049 0.051 0.051 0.051
3 | SRS 0.037 0.037 0.029 0.034 0.036 0.033 0.033 0.039
SBR | 0.045 0.049 0.037 0.037 0.042 0.044 0.040 0.041
4 | SRS 0.073 0.073 0.044 0.054 0.046 0.045 0.048 0.041
SBR | 0.065 0.076 0.036 0.014 0.060 0.058 0.062 0.060
Table 17: Hy, n = 400, 7 = 0.5
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.044 0.044 0.051 0.037 0.039 0.048 0.036 0.037
SBR | 0.001 0.002 0.000 0.035 0.039 0.035 0.040 0.040
2 | SRS 0.062 0.062 0.062 0.049 0.049 0.059 0.041 0.048
SBR | 0.015 0.029 0.015 0.034 0.040 0.040 0.042 0.037
3 | SRS 0.007  0.007 0.039 0.036 0.042 0.042 0.042 0.047
SBR | 0.006 0.006 0.035 0.037 0.036 0.037 0.041 0.037
4 | SRS | 0.013 0.013 0.046 0.029 0.061 0.053 0.035 0.054
SBR | 0.009 0.010 0.033 0.025 0.056 0.054 0.052 0.050
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S.F.5

Table 18: Hy, n =400, 7 = 0.75

M A s/naive s/adj s/W ste/W ipw/W s/CA sfe/CA ipw/CA
1 [ SRS | 0.049 0.049 0.053 0.046 0.050 0.043 0.048 0.050
SBR | 0.001 0.006 0.002 0.038 0.041 0.037 0.036 0.036
2 | SRS 0.050 0.050 0.065 0.050  0.049 0.056  0.052 0.052
SBR | 0.010 0.019 0.015 0.041 0.048 0.042 0.041 0.041
3 | SRS 0.044 0.044 0.031 0.042 0.039 0.032 0.038 0.039
SBR | 0.057 0.059 0.040 0.036 0.044 0.043 0.043 0.043
4 | SRS 0.034 0.034 0.051 0.046 0.049 0.061 0.046 0.051
SBR | 0.028 0.028 0.044 0.040 0.045 0.045 0.045 0.046
QTE, Hy, 7 =0.7
Table 19: Hy, n = 200, 7 = 0.25
M A s/naive s/adj s/W sfte/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.152 0.152 0.176 0.359 0313 0.187  0.343 0.339
SBR | 0.065 0.186 0.100 0.346 0.336 0.357 0.341 0.338
2 | SRS 0.314 0314 0.334 0.361 0.325 0.347 0.367 0.365
SBR | 0.309 0.334 0.336 0.355 0.368 0.383 0.375 0.376
3 | SRS 0.704 0.704 0.671 0.665 0.626 0.685  0.663 0.691
SBR | 0.697 0.716 0.663 0.671 0.669 0.702 0.686 0.688
4 | SRS | 0.136 0.136 0.097 0.094 0.129 0.106  0.093 0.122
SBR | 0.116 0.127 0.081 0.050 0.103 0.107  0.105 0.106
Table 20: Hy, n =200, 7 = 0.5
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.170  0.170 0.172 0.411 0.425 0.167 0.407 0.406
SBR | 0.043 0.212 0.060 0.445 0.455 0.457 0.435 0.434
2 | SRS 0.287 0.287 0.280 0.371  0.364 0.275 0.374 0.360
SBR | 0.258 0.327 0.236 0.367 0.387 0.372  0.383 0.381
3 | SRS | 0.771 0.771 0.891 0.882 0.903 0.895 0.883 0.894
SBR | 0.760 0.769 0.892 0.896 0.911 0.901 0.904 0.900
4 | SRS 0.145 0.145 0.265 0.218 0.305 0.264 0.241 0.301
SBR | 0.128 0.136 0.235 0.177  0.288 0.290 0.284 0.287
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Table 21: Hy, n =200, 7 =0.75

M A s/naive s/adj s/W ste/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.181 0.181 0.183 0.342 0.340 0.188 0.340 0.338
SBR | 0.072 0.175 0.076 0.353  0.364 0.342  0.357 0.357
2 | SRS 0.279 0279 0.321 0.404 0427 0.341  0.400 0.427
SBR | 0.243 0.341 0.293 0.430 0.451 0.430 0.454 0.435
3 | SRS 0.662 0.662 0.586 0.559 0.599 0.605 0.569 0.592
SBR | 0.631 0.639 0.572 0.564 0.597 0.594 0.601 0.598
4 | SRS 0.150  0.150 0.201 0.164 0.199 0.208 0.189 0.211
SBR | 0.143 0.145 0.193 0.166 0.206  0.206  0.208 0.205
Table 22: Hy, n =400, 7 =0.25
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.181 0.181 0.192 0.351 0.354 0.202  0.346 0.351
SBR | 0.083 0.233 0.113 0.392 0.392 0.407 0.394 0.392
2 | SRS 0.362 0.362 0.406 0.403 0415 0.408 0.415 0.424
SBR | 0.350 0.381 0.388 0.412 0.426 0.426  0.422 0.419
3 | SRS 0.781 0.v81 0.743 0.751 0.758 0.746  0.750 0.759
SBR | 0.791 0.797 0.752 0.765 0.777 0.781  0.778 0.779
4 | SRS 0.160 0.160 0.082 0.072  0.112 0.097 0.095 0.116
SBR | 0.133 0.1564 0.091 0.044 0.119 0.119 0.121 0.120
Table 23: Hy, n =400, 7 = 0.5
M A s/naive s/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.184 0.184 0.187 0.468 0479 0.194 0.460 0.466
SBR | 0.042 0.220 0.059 0.48  0.498 0.505 0.480 0.482
2 | SRS 0.322 0322 0.298 0.405 0.404 0.303 0.412 0.400
SBR | 0.262 0.342 0.237 0.376 0.399 0.385  0.389 0.389
3 | SRS 0.867 0.867 0.939 0.930 0933 0941 0.932 0.936
SBR | 0.883 0.888 0.948 0.952 0.952 0.955 0.952 0.952
4 | SRS | 0.209 0.209 0.327 0.275 0.354 0.341  0.308 0.351
SBR | 0.194 0.217 0.310 0.256 0.365 0.364 0.359 0.356
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Table 24: Hy, n =400, 7 = 0.75

M A s/naive s/adj s/W ste/W ipw/W s/CA sfe/CA ipw/CA

1 | SRS 0.217 0.217 0.224 0411 0409 0.219 0.411 0.408

SBR | 0.103 0.246 0.107 0.419 0418 0.400 0.421 0.420

2 | SRS 0.335 0.335 0.378 0.485 0.505 0.384  0.468 0.501

SBR | 0.278 0.384 0.329 0.479 0.500 0.487  0.504 0.493

3 | SRS 0.708 0.708 0.661 0.628 0.665 0.665 0.629 0.672

SBR | 0.705 0.706 0.652 0.631 0.665 0.673 0.672 0.673

4 | SRS 0.205 0.205 0.226 0.221 0.245 0.234 0.234 0.240

SBR | 0.205 0.205 0.249 0.209 0.248 0.258  0.256 0.258

S.F.6 ATE, n=0.
Table 25: Hp, n =200, 7 = 0.5

M A  s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.069  0.057 0.061 0.061 0.055  0.057 0.063 0.048 0.049
WEI | 0.006 0.048 0.062 0.004 0.068 0.068 0.061 0.065 0.065
BCD | 0.001 0.089 0.056 0.000 0.058 0.058 0.071 0.056 0.056
SBR | 0.000 0.067 0.061 0.000 0.064 0.064 0.059 0.061 0.061
2 | SRS 0.062 0.061 0.061 0.061 0.069 0.062 0.060 0.057 0.059
WEI | 0.027 0.060 0.050 0.029 0.046 0.054 0.057 0.052 0.053
BCD | 0.014 0.058 0.053 0.016 0.053 0.052 0.052 0.052 0.049
SBR | 0.006 0.045 0.044 0.006 0.045 0.045 0.045 0.045 0.045
3 | SRS | 0.057 0.056 0.068 0.055 0.061 0.061 0.056 0.064 0.065
WEI | 0.049 0.050 0.057 0.052 0.057 0.056 0.048 0.053 0.053
BCD | 0.057 0.058 0.057 0.057 0.063 0.063 0.057 0.056 0.057
SBR | 0.055 0.058 0.056 0.057 0.060 0.061 0.055 0.055 0.055
4 | SRS 0.066  0.067 0.077 0.068 0.069 0.063 0.063 0.070 0.063
WEI | 0.065 0.067 0.070 0.066 0.067 0.068 0.069 0.067 0.070
BCD | 0.068 0.068 0.067 0.065 0.061 0.068 0.065 0.065 0.065
SBR | 0.055 0.055 0.055 0.057 0.057 0.058 0.057  0.057 0.057
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Table 26: Hy, n =200, # = 0.5

M A  s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0387 0.385 0948 0.391 0.946 0.946 0.386 0.944 0.942
WEI | 0.330 0.680 0.944 0.334 0.941 0.940 0.691 0.942 0.941
BCD | 0.275 0917 0.940 0.272 0.943 0.943 0.884 0.942 0.942
SBR | 0.280 0.942 0.951 0.285 0.950 0.950 0.937 0.945 0.945
2 | SRS 0.533 0.532 0.750 0.538 0.746  0.758 0.541  0.746 0.753
WEI | 0.532 0.668 0.748 0.533 0.742 0.750 0.675  0.743 0.749
BCD | 0.541 0.748 0.752 0.544 0.751 0.755 0.733  0.751 0.752
SBR | 0.544 0.774 0.779 0.551 0.772  0.781 0.769  0.775 0.775
3 | SRS | 0770 0.769 0.767 0.773 0.768  0.775 0.769  0.754 0.760
WEI | 0.760 0.766 0.763 0.759 0.759  0.768 0.765 0.763 0.761
BCD | 0.767 0.772 0.769 0.762 0.771  0.769 0.772  0.765 0.765
SBR | 0.757 0.762 0.761 0.758 0.770  0.767 0.761  0.764 0.764
4 | SRS 0.181 0.182 0.181 0.182 0.171 0.184 0.181  0.180 0.186
WEI | 0.180 0.183 0.182 0.184 0.180 0.184 0.184 0.178 0.179
BCD | 0.170 0.175 0.174 0.177 0.177 0.181 0.182 0.183 0.182
SBR | 0.177 0.178 0.179 0.184 0.180 0.186 0.179  0.178 0.178
Table 27: Hy, n =400, 7 = 0.5
M A  s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS 0.063 0.061 0.042 0.063 0.043 0.045 0.055 0.042 0.042
WEI | 0.005 0.050 0.050 0.006 0.052 0.052 0.052  0.050 0.050
BCD | 0.000 0.067 0.052 0.000 0.059 0.059 0.051 0.059 0.059
SBR | 0.000 0.059 0.058 0.000 0.057 0.057 0.063 0.060 0.060
2 | SRS 0.061  0.057 0.055 0.058 0.0565 0.0564 0.061 0.054 0.051
WEI | 0.018 0.061 0.064 0.019 0.063 0.064 0.062 0.064 0.064
BCD | 0.009 0.045 0.046 0.006 0.046 0.047 0.043 0.049 0.049
SBR | 0.014 0.062 0.060 0.016 0.065 0.065 0.063 0.063 0.063
3 | SRS 0.0560 0.049 0.050 0.050 0.049 0.051 0.052 0.048 0.048
WEI | 0.046 0.047 0.049 0.047 0.046  0.047 0.048 0.047 0.046
BCD | 0.049 0.049 0.049 0.049 0.050 0.050 0.050  0.050 0.050
SBR | 0.055 0.056 0.056 0.059 0.058 0.059 0.055 0.056 0.056
4 | SRS 0.057 0.057 0.055 0.056 0.056  0.059 0.054 0.051 0.056
WEI | 0.061 0.061 0.053 0.052 0.0564 0.054 0.0561  0.051 0.052
BCD | 0.056 0.056 0.056 0.054 0.056 0.056 0.054 0.053 0.053
SBR | 0.056 0.058 0.058 0.055 0.056  0.057 0.057 0.057 0.057
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Table 28: Hy, n = 400, 7 = 0.5

M A  s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0422 0422 0964 0416 0.968 0.966 0.415 0.964 0.962
WEI | 0387 0732 0.969 0.393 0.969 0.969 0.732  0.967 0.968
BCD | 0.341 0962 0971 0.350 0.969 0968 0.955 0.968 0.968
SBR | 0.357 0.967 0.967 0.368 0.966 0.966 0.967 0.965 0.965
2 | SRS 0.572 0.568 0.806 0.579 0.795 0.805 0.568  0.796 0.805
WEI | 0577 0.723 0.813 0.575 0.814 0.810 0.728  0.811 0.808
BCD | 0.606 0.809 0.813 0.618 0.817 0.821 0.802 0.810 0.810
SBR | 0.601 0.828 0.829 0.603 0.832 0.836 0.830 0.834 0.834
3 | SRS | 0804 0.801 0.803 0.798 0.798 0.799 0.804 0.803 0.803
WEI | 0.804 0804 0.806 0.802 0.800 0.803 0.803 0.803 0.803
BCD | 0.816 0.818 0.820 0.822 0.825 0.825 0.819 0.819 0.819
SBR | 0.821 0.823 0.823 0.816 0.820 0.819 0.822  0.822 0.822
4 | SRS 0.228 0.230 0.229 0.225 0.227 0.228 0.234  0.226 0.226
WEI | 0.229 0.230 0.230 0.225 0.223  0.228 0.233  0.235 0.234
BCD | 0.221 0.224 0.225 0.227 0.225 0.231 0.231 0.231 0.233
SBR | 0.224 0.226 0.225 0.224 0.225 0.230 0.235 0.235 0.235
S.F.7 ATE, n=0.7
Table 29: Hy, n = 200, 7 = 0.7
M A s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.0560 0.045 0.056 0.051 0.056 0.062 0.046 0.054 0.055
SBR | 0.000 0.004 0.051 0.000 0.061 0.064 0.064 0.060 0.059
2 | SRS | 0.048 0.055 0.074 0.055 0.049 0.056 0.045 0.049 0.057
SBR | 0.013 0.030 0.041 0.013 0.024 0.051 0.056 0.049 0.051
3 | SRS | 0.059 0.060 0.066 0.060 0.060 0.064 0.058 0.055 0.064
SBR | 0.0561 0.0563 0.052 0.053 0.045 0.057 0.056 0.056 0.055
4 | SRS | 0.057 0.057 0.056 0.058 0.056 0.068 0.0564 0.057 0.058
SBR | 0.047 0.050 0.044 0.051 0.037 0.054 0.054 0.055 0.055
Table 30: Hy, n = 200, 7 = 0.7
M A s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0329 0.328 0.934 0.336 0.943 0946 0.326 0.941 0.941
SBR | 0220 0.631 0938 0.233 0.946 0.949 0.932 0.943 0.943
2 | SRS | 0581 0578 0.687 0.582 0.619 0.756 0.571 0.601 0.758
SBR | 0.598 0.699 0.747 0.599 0.686 0.768 0.752  0.766 0.764
3 | SRS | 0773 0779 0.758 0.769 0.741 0.784 0.773  0.729 0.782
SBR | 0771 0.773 0.772 0.777 0.763 0.782 0.782  0.780 0.781
4 | SRS | 0.149 0.154 0.121 0.153 0.140 0.168 0.154 0.141 0.165
SBR | 0.144 0.151 0.129 0.153 0.118 0.175 0.172  0.170 0.169
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Table 31: Hg, n =400, 7 = 0.7

M A s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0.062 0.059 0.065 0.061 0.056 0.056 0.062  0.060 0.061
SBR | 0.000 0.000 0.034 0.000 0.039 0.040 0.045 0.045 0.044
2 | SRS | 0.052 0.060 0.087 0.054 0.055 0.052 0.050 0.057 0.051
SBR | 0.013 0.029 0.040 0.012 0.027 0.044 0.042 0.044 0.042
3 | SRS | 0.042 0.041 0.049 0.045 0.043 0.052 0.040 0.040 0.046
SBR | 0.028 0.028 0.031 0.029 0.025 0.032 0.035 0.036 0.034
4 | SRS | 0.0563 0.055 0.043 0.058 0.0563 0.058 0.055 0.050 0.056
SBR | 0.050 0.051 0.043 0.051 0.035 0.054 0.055 0.055 0.053
Table 32: Hy, n =400, 7 = 0.7
M A s/naive s/adj sfe/adj s/W sfe/W ipw/W s/CA sfe/CA ipw/CA
1 | SRS | 0384 0.380 0.972 0.381 0.971 0.976  0.382  0.970 0.973
SBR | 0.250 0.736 0.970 0.254 0.972 0972 0.967 0.973 0.974
2 | SRS | 0.616 0.628 0.753 0.622 0.693 0.796 0.617 0.690 0.795
SBR | 0.659 0.759 0.806 0.665 0.740 0.827 0.817 0.827 0.827
3 | SRS | 0.818 0.817 0.805 0.812 0.793 0.821 0.816 0.793 0.829
SBR | 0.833 0.838 0.836 0.831 0.824 0.840 0.838 0.839 0.837
4 | SRS | 0.177 0.172 0.145 0.180 0.162 0.195 0.181 0.171 0.186
SBR | 0.181 0.190 0.164 0.184 0.142 0.202 0.202 0.202 0.200
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